ON KIM-INDEPENDENCE

ITAY KAPLAN AND NICHOLAS RAMSEY

ABSTRACT. We study NSOP; theories. We define Kim-independence, which
generalizes non-forking independence in simple theories and corresponds to
non-forking at a generic scale. We show that Kim-independence satisfies a
version of Kim’s lemma, symmetry, and an independence theorem and that,
moreover, these properties individually characterize NSOP; theories. We de-
scribe Kim-independence in several concrete theories and observe that it cor-
responds to previously studied notions of independence in Frobenius fields and
vector spaces with a generic bilinear form.
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1. INTRODUCTION

The class of simple theories was one of the first classes of unstable theories to
receive extensive study. The starting point is Classification Theory [She90], where,
in the course of studying stable theories, Shelah isolates local character as a key
property of non-forking independence and observes a dichotomy in the way local
character can fail, a theorem we now recognize as saying that a non-simple theory
must have the tree property of the first or second kind. Shortly after the publica-
tion of the first edition of [She90], Shelah defined the class of simple theories and
characterized them in terms of a certain chain condition of the Boolean algebra of
non-weakly dividing formulas, which in turn led to consistency results on their satu-
ration spectra [She80]. The aim of that work was to obtain an ‘outside’ set-theoretic
definition of the class to support the claim that simplicity marked a dividing line.
In separate developments, questions concerning concrete examples created the need
for new methods to treat unstable structures. Hrushovski and Pillay used local sta-
bility and S;-rank in the study of the defininability of groups in pseudo-finite and
PAC fields in [HP94], and these methods were situated in the broader context of
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PAC structures studied by Hrushovski [Hru91], where an independence theorem
was proved. Moreover, Lachlan’s far-reaching theory of smoothly approximated
structures furnished examples of tame unstable theories. After Kantor, Liebeck,
and Macpherson [KLM89| classified the primitive smoothly approximable struc-
tures, Cherlin and Hrushovski [CHO3] used stability theoretic methods concerning
independence and amalgamation to describe how these primitive pieces fit together
to form a quasi-finite structure.

Kim’s thesis and subsequent work by Kim and Pillay showed how to regard these
developments as instances of a common theory, with non-forking independence at its
center. Kim and Pillay proved that in a simple theory, forking and dividing coincide,
non-forking independence is symmetric and transitive, and that the independence
theorem holds over models. Moreover, Kim showed that symmetry and transitivity
of non-forking both individually characterize the simple theories, and Kim and
Pillay showed that any independence relation satisfying the basic properties of non-
forking independence must actually coincide with non-forking independence, giving
both a striking characterization of the simple theories and a powerful method for
showing that a particular theory is simple, namely by observing that it has an
independence relation of the right kind.

Here, we study the class of NSOP; theories. These are the theories which do not
have the property SOP7, which form a class of theories that properly contain the
simple theories and which are contained inside the class of theories without the tree
property of the first kind. SOP; was defined by Shelah and Dzamonja in their study
of the <*-order [DS04] and later studied by Shelah and Usvyatsov in [SU08]. The
NSOP; theories were characterized as the theories satisfying a weak independence
theorem for invariant types by Chernikov and the second-named author in [CR16].
This characterization provided a point of contact between the combinatorics of
model-theoretic tree properties and the study of definability in particular algebraic
examples. Chatzidakis [Cha99], [Cha02] studied independence in w-free PAC fields
and, more generally, Frobenius fields and showed that the independence theorem
holds for these structures even though they are not simple. Similarly, Granger
showed in his thesis that the model companion of the theory of infinite-dimensional
vector spaces with a bilinear form is not simple but nonetheless comes equipped with
a good notion of independence. The amalgamation criterion of [CR16] established
that these structures have NSOP; theory by appealing to the existence of these
independence relations, but what was missing was a theory of independence in
NSOP; theories more generally. The purpose of this paper is to establish exactly
such a theory.

One central tool in the study of forking in simple theories is Kim’s lemma: a
formula divides over a set A if and only if it divides with respect to some Morley
sequence over A if and only if it divides for all Morley sequences over A. In [CK12],
this was shown to hold over models in NTP5 theories, provided that the Morley
sequence is a strict invariant Morley sequence. In the setting of NSOP; theories, we
find a new phenomenon: forking which is never witnessed by a generic sequence.
In fact, we show that any NSOP; theory with a universal witness to dividing must
be simple (Proposition 7.6 below) and that forking need not equal dividing in an
NSOP; theory. Nonetheless, we find that, by restricting attention to the forking
that is witnessed by a generic sequence, one can recover many of the properties
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of forking in simple theories. We show moreover that this kind of simplicity at a
generic scale is characteristic of NSOP; theories.

There is considerable freedom in the choice of notion of generic sequence. One
suggestion which inspired our work is due to Kim, who proposed in his 2009 talk on
NTP; theories [Kim09] that one might develop an independence theory for NTP;
theories or a subclass therein by considering only formulas which divide with respect
to every non-forking Morley sequence. Compared to invariance or finite satisfia-
bility, forking is a relatively weak notion of independence and this notion proved
unwieldy at the beginning stages of developing the theory presented here. However,
Hrushovski’s study of ¢-dividing [Hrul2] and Malliaris and Shelah’s characteriza-
tion of NTP; theories in terms of higher formulas [MS15] provided evidence that
one might be able to build a theory around an investigation of formulas that di-
vide with respect to a Morley sequence in a global invariant or finitely satisfiable
type. Building off this work, we introduce the notion of Kim-dividing — a formula
Kim-divides over a set A if it divides with respect to a Morley sequence in a global
A-invariant type — and the associated notion of independence, Kim-independence.
Our first observation is that a theory is NSOP; if and only if Kim-dividing satisfies
a version of Kim’s lemma over models, where a formula divides with respect to a
Morley sequence in some global invariant type extending the type of the parameters
if and only if it divides with respect to every Morley sequence in an appropriate
invariant type.

From Kim’s lemma for Kim-dividing, many familiar properties of non-forking
independence follow: Kim-forking equals Kim-dividing, Kim-independence satisfies
extension and a version of the chain condition, etc. In Section 4, we show addition-
ally that Kim-independence is symmetric over models. The argument there centers
upon the notion of a tree Morley sequence which is defined in terms of indiscernible
trees. We show that tree Morley sequences always witness Kim-dividing and prove
a version of the chain condition for them. In Section 5, we prove the independence
theorem. In Section 7, we state our main theorem: Kim’s lemma for Kim-dividing,
symmetry over models, and the independence theorem both hold in NSOP; theo-
ries and individually characterize NSOP; theories. We also show that the simple
theories can be characterized in several new ways in terms of Kim-independence. In
particular, we show that Kim-independence coincides with non-forking over mod-
els if and only if the theory is simple, which means that our theorems imply the
corresponding facts for non-forking independence in a simple theory. Finally, we
prove that in an NSOP; theory a formula Kim-divides over a model if and only
if it divides with respect to every non-forking Morley sequence in the parameters
and this too characterizes NSOP; theories. This means that Kim-independence
could have been defined from the outset in essentially the way Kim proposed, but
curiously, proving anything about this notion without making use of invariant types
seems quite difficult.

We conclude the paper with Section 8 where we describe Kim-independence
explicitly in several concrete examples. We show it may be described in purely
algebraic terms in the case of Frobenius fields, where Kim-independence turns out
to coincide with weak independence, as defined by Chatzidakis. We also show that in
Granger’s two-sorted theory of a vector space over an algebraically closed field with
a generic bilinear form, Kim-independence is the same as Granger’s I'-independence
for singletons and may be given a clean algebraic description in general. These
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results suggest the naturality and robustness of Kim-dividing, but also serve to
explain the simplicity-like phenomena observed in these concrete examples on the
basis of a general theory. In this section, we additionally describe a combinatorial
example of a NSOP; theory, based on a variant of T, introduced by Dzamonja and
Shelah, which furnishes counter-examples to some a priori possible strengthenings
of the results we prove. In particular, we give the first example of a simple non-
cosimple type, answering a question of Chernikov [Chel4].

2. SYNTAX

In this section we will define SOP; and prove its equivalence with a syntactic
property of a different form. This will allow us to relate SOP; to dividing. We
will often work with arrays and trees. Suppose (c;j)i<x,j<r is an array. Write
¢; = (¢ ;)j<x for the ith row of the array and ¢.; for the sequence of rows with
index less than 4, i.e. (Ck)r<i. Suppose T is a tree, (a,),e7 is a collection of tuples
indexed by 7. We write < for the tree partial order and <., for the lexicographic
order on 7. For a node 1 € T, write a<,, for the sequence (a, : v I n) (consider it
as a sequence by ordering lexicographically), and likewise a;, for (a, : v < n). We
use the notation ap, and ap,, similarly. If the tree 7 is a contained in 2<% or w<",
we write 0% to denote the element of the tree of length a consisting of all zeros.
Throughout the paper, T' denotes a complete theory and M (= T is a monster model
of T.

Definition 2.1. [DS04, Definition 2.2] The formula ¢(x;y) has SOP; if there is a
collection of tuples (ay),e2<« so that

e For all n € 2, {¢(7;ayq) : @ < w} is consistent.
e Forall n € 2<¥ if v>n —~ 0, then {¢(z;a,), ¢(z;ay~1)} is inconsistent.
We say T is SOP; if some formula has SOP; modulo T'. T' is NSOP; otherwise.

The following lemma closely follows the proof of Lemma 5.2 in [CR16], but with
a strengthening which allows us to relax the 2-inconstency in the definition of SOP;
to a version with k-inconsistency.

Lemma 2.2. Suppose (¢; j)icw,j<2 i an array where ¢; ; = (d;j;, e;5) for alli,j and
x1(x;y) and x2(x;2) are formulas over C. Write ¥(x;y, z) for x1(z;y) A x2(x; 2)
and suppose

(1) For alli < w, ¢i,0 =Ce., peciy Cils

(2) {¢(x;cip) 1 <w} is consistent;

(3) j <i = {xi(x;dio), x2(x;€;1)} is inconsistent,
then T is SOP;.

Proof. By adding constants, we may assume C' = (). For each n, define a subtree
T, by

T,={n~0":ne25" a<wlU{n ~0% ~1:9€25" a<uw}.
Let P(T,,) C 2“ be the set of infinite paths of T,,. Concretely,
P(T,) = { ~ 0% s € 257)

As afirst step, we will build by induction an ascending sequence of tuples (1), ;) ne, ,
where I, = (dy, e;) and 7, = (fy, g) so that

(1) Ifn e P(T,), (lnlmgn|a)a<w = (Ca,ana,l)a<w~
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(2) If n— 1T, then Tn~0 = lnﬂl.
(3) If n € 25" then (Iy—~0,79~0) =ig,ga, (Ip—~1,T5~1)-

For the n = 0 case, define lpa = (dgo,e0n) = Ca,0, Tor = (foo,900) = Can
and lga~1 = Tga—~o for all @ < w. For each a < w, we can choose o, €
Aut(M/ccq0€<a,1) such that 04(ca0) = Caa. Let roa~1 = 0at1(Cat1,1) =

Oa+1(roe—~o0). This defines (1, 7y)ner, satisfying (1)-(3).

Now by induction suppose (I, 7,)ner, has been defined. Suppose n € P(Ty41)\
P(T,,). Then there is v € 25" so that n = v —~ 1 —~ 0¥. Then v —~ 1 € T}, and, by
induction,

(ll//-\Oa TVAO) Elﬂ,,gﬂ,, (luf\la TVAl)

and r,~9 = l,~1. Choose an automorphism o € Aut(M/l<,9<,) so that o(l, ~o) =

ll//-\l . Then put rv~1 = 0'(7",,,\0). Then define (l,j/-\l,-\oa s 7“1,,\1/-\0@> = O'(ll,,\o,-\oa s 7",,,\0,\0@)

for all @ < w. This completes the construction of (I,,7y)ner,.,- We obtain
(I, 7)ne2<« as the union over all n of (I, ry,)ner, -

Now we check that with respect to the parameters (l,)),c2<«, ¥ witnesses SOP;.
Fix any path 7 € 2¢, we have to check that {1 (2;1,) : @ < w} is consistent. But
given any n, lq(n) C T, and by (1), lagyn) = (Ca,0)a<n hence {¢(z;1,4) : o < n}
is consistent, as {1)(2; ca,0) : @ < n} is consistent, by hypothesis. Then {¢(z; 1)
«a < w} is consistent by compactness.

Now fix n L v € 2<% so that (nAv) ~ 0<npand NAv) ~1=v. We
must check {¢(z;1,),¢(x;1,)} is inconsistent. By definition of 1, it is enough to
show {xi(z;dy), x2(x;e,)} is inconsistent. As v = (n Av) —~ 1, we know that
ly = lyavy~1 = T(yav)—~0 DY (2). Let £ = (n Av) ~ 0. Then £ <7 and e, = g¢ so
it suffices to show {x1(x;e,), x2(;ge)} is inconsistent. Let n = I(n) and m = I(£).
Then m < n and by (1), we have (I,), g¢) =¢ (¢n,0, ¢m,1). By hypothesis, this implies
{x1(z;dy), x2(z; g¢)} is inconsistent, so we finish. O

Lemma 2.3. Suppose ¢(x;y) is a formula, k is a natural number, and (¢;)ics is
an infinite indiscernible sequence with ¢; = (¢;0,¢;1) satisfying:

(1) For alli €I, ¢ip =z_, Ci

(2) {e(x;ci0) i €I} is consistent

(3) {p(z;¢i1) 20 € I} is k-inconsistent,
then T has SOP;.

Proof. By compactness, it suffices to prove this when I = Q — so suppose (¢; 0, ¢ 1)icq
is an indiscernible sequence with ¢; o =z_, ¢i1, {¢(z;¢i0) : i € Q} is consistent,
and {p(z;¢;1) 14 € Q} is k-inconsistent.

For integers | < I, define a partial type I'; i/ (z) by

{p(x5¢i0) 11 € (I4m,l+m+1),m € w,m < U'—1}U{p(x; Cl4m,1) : m <I'—l,m € w}.

Let I';;(z) = 0. Let n be maximal so that I'g ,, () is consistent. Note that if T'; ;s (z)
is consistent then I'j4, /4 .(x) is consistent for any integer z by indiscernibility of
the sequence (¢;)icq- Let n € w be maximal so that 'y, (x) is consistent. Note
that I'g o(z) is consistent, as it is the empty partial type and we have

Lo r(x) F{o(z;ci1) 1i € w,i <k},

which is inconsistent, so 0 < n < k. So now we know I'_,, o(z) is consistent and
I n1(z) =T_,0(x)UTo,1(x) is inconsistent. By indiscernibility and compactness,

{karyversion}
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we may fix some integer N > 0 so that
I_po(z) U{e(m;e01)} U {p(z; 0%70) ijEw,j < N-—1}
is inconsistent. Now choose A(z) CT'_,, o(x) finite so that
Aw) U ol con)} Ulp(@icss o) 1 J €wnj < N — 1)

is inconsistent. Let z indicate the tuple of variables (yo,...,yn—2) and let x(z;2)
be the formula x(z;2) = A,y @(@;59:) A ANA(x). Let (a;;)icw,j<2 be defined as
follows:
am = (CZ',Q; di70) = (Ci70; CiJr%)O, ey CH_%,O).
Now choose d; 1 so that ¢; od;,0 =z_, ¢i,1d;,1 — this is possible as ¢; 0 =z_, ¢;,1. Then
we put a; 1 = (¢;1,di1). Let ¥(z;yz) = o(z;y) A x(z; 2).
To conclude, we have to establish the following:
Claim: The array (a;;)i<w,j<2 and the formulas ¢(z;y), x(z; 2) satisfy
(1) 3,0 =ac;,0,c<i,1 ®i,1
(2) {¢(x;ai0): % < w} is consistent
(3) If I <V then {p(x;ci1), x(z;dy o)} is inconsistent.
Proof of claim: (1) follows from the fact that a; 0 =z_, a;,1 and both a<; o and c<; 1
are enumerated in ¢.;. Note that I'_,, o(z) is consistent so, by indiscernibility,

I_po(z)U{e(m;eip) i €[0,00) NQ}

is consistent, which establishes (2). Finally, if [ < I’, then {¢(z;c11), x(@;dr )}
implies

{olz)} U oy, i) 5 € w.j < N~ 1} U Aa).
By indiscernibility of (¢;);cq and the fact that [ < I, this set is consistent if and
only if

{paicon)} Ufpaicops o) 1 j €w,j < N — 1} UA(2)
is consistent. As this latter set is inconsistent, this shows (3), which proves the
claim. The lemma now follows by Lemma 2.2. O

Finally, we note that the criterion for SOP; from Lemma 2.3 is an equivalence.
This was implicit in [CR16], at least in its 2-inconsistent version, but we think that
the property described by Lemma 2.3 is, in most cases, the more fruitful way of
thinking about SOP; and therefore worth making explicit.

Proposition 2.4. The following are equivalent:

(1) ¢ has SOP;
(2) There is an array (¢; ;)i<w,j<2 SO that
(a) cio =c_, cin foralli<w
(b) o(x;ci0) 11 <w} is consistent
(c) {p(x;ci1) 10 <w} is 2-inconsistent.
(3) There is an array (¢; j)icw,j<2 so that
(a) cio =c_, Cin foralli<w
(b) p(z;ci0) 1@ <w} is consistent
(c) {o(x;ci1) i <w} is k-inconsistent for some k.
Proof. (3) = (1) is Lemma 2.3.

(1) = (2). This follows from the proof of the proof of [CR16, Proposition 5.6]
(2) = (3) is obvious. O
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3. KIM-DIVIDING

3.1. Averages and Invariant Types.

Definition 3.1. A global type ¢ € S(M) is called A-invariant if b =4 b’ implies
o(x;b) € ¢ if and only if p(x;b’) € q. A global type ¢ is invariant if there is some
small set A such that ¢ is A-invariant. If ¢(z) and r(y) are A-invariant global types,
then the type (¢ ® r)(x,y) is defined to be tp(a,b/M) for any b |= r and a = q|mp.
We define ¢®” by induction: ¢®' = ¢ and ¢®"!' = ¢®" @ ¢.

Fact 3.2. [Sim15, Chapter 2] Given a global A-invariant type ¢ and positive integer
n, ¢®" is a well-defined A-invariant global type. If N D A is an |A|T-saturated
model and p € S(NV) satisfies p(z;b) € p <= ¢(x;b’) € p whenever b, € N and
b=, b, then p extends uniquely to a global A-invariant type.

Definition 3.3. Suppose ¢ is an A-invariant global type and I is a linearly ordered
set. By a Morley sequence in q over A of order type I, we mean a sequence (ba)aer
such that for each o € I, by |= q| 45_, where beq = (bg)g<qa- Given a linear order

I, we will write ¢®/ = ¢®!(x, : a € I) for the A-invariant global type so that if
b= ¢®' then by [= qlyg_, foralla el

The above definition of ¢®! generalizes the finite tensor product ¢®” — given any
global A-invariant type ¢ and linearly ordered set I, one may easily show that ¢®!
exists and is A-invariant, by Fact 3.2 and compactness.

Definition 3.4. Let I C M" be a sequence of tuples, A C M a set, and D an
ultrafilter over I. We define the average type of D over A to be the type defined
by

Av(D,A) ={¢(z;a):ac Aand {be I:M = p(b;a)} € D}.

Fact 3.5. [She90, Lemma 4.1] Let I C M" be a collection of tuples and D an
ultrafilter on I.

(1) For every set C', Av(D,C) is a complete type over C.

(2) The global type Av(D,M) is I-invariant.

(3) For any model M =T, if p € S™(M), there is some ultrafilter £ on M™ so
that p = Av(E, M).

One important consequence Fact 3.5 for us is that every type over a model M
extends to a global M-invariant type: given p € S(M), one chooses an ultrafilter
D so that Av(D, M) = p. Then Av(D,M) is a global type extending p which is
M-invariant. In the arguments below, it will often be convenient to produce global
invariant types through a particular choice of ultrafilter.

Definition 3.6. Suppose M =T and @ = (a;)i<, is an M-indiscernible sequence.
A global M-invariant type g D tp(a/M) is called an indiscernible type if whenenver
@’ = q, @ is M-indiscernible.

The following two lemma are essentially [Adl14, Lemma 8]. We include a proof
for completeness.

Lemma 3.7. If @ = (a;)i<w i an M-indiscernible sequence, there is an indis-
cernible global M -invariant type q 2 tp(a/M).

{tensor}

{average}
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Proof. Let N be an |M|*-saturated elementary extension of M of size x and let
A = 2,((2%)T). By compactness, we may stretch the given indiscernible sequence to
@ = (a})i<x. Let r 2 tp(@’ /M) be an arbitrary global M-invariant type extending
tp(@/M). Let d = (di)i<x = r|n. Use Erdés-Rado to extract from d an N-
indiscernible sequence (b;);<,. Clearly tp(b/N) extends tp(a/M). It is also M-
invariant: if not, there are n = n’ in N, an increasing k-tuple ¢ from w, and a
formula ¢ so that
= ¢(bsin) < —p(by,n).

Then there is an increasing k-tuple j so that
E e(dy;n) < —p(dyn'),

since the sequence b is based on d. This contradicts the fact that d realizes an
M-invariant type over N. By Fact 3.2, the type tp(d/N) determines a unique
M -invariant extension to M. Call it ¢. Then ¢ is an indiscernible type. d

Lemma 3.8. Suppose M =T, @ = (a;)i<w is an M-indiscernible sequence, and
q 2 tp(a/M) is a global M -invariant indiscernible type. Let (@;)i<w E q®¥| M with
Gy = @, where @; = (a;j)j<w. Then (@;)icw is a mutually indiscernible array over
M.

Proof. We prove by induction on n that (a@;)i<, is mututally indiscernible over
M. For n = 1, there’s nothing to prove. Suppose it’s been shown for n and
consider (a;);<n+1- As ¢ is an indiscernible type, @41 is Ma<,-indiscernible. For
i < n, we know, by induction, that @; is M@<;@;11 . .. ay-indiscernible. As @, |
q|ma-,,, this entails @; is indiscernible over M@<;@i41 . . . Gn41, which completes the
induction. (]

3.2. Kim-dividing. In this subsection, we define Kim-dividing and Kim-forking,
the fundamental notions explored in this paper. To start, we will need the definition
of ¢-dividing, introduced by Hrushovski in [Hrul2, Section 2.1]:

Definition 3.9. Suppose ¢(y) is an A-invariant global type. The formula ¢(z;y)
g-divides over A if for some (equivalently, any) Morley sequence (b; : i < w) in ¢
over A, {p(z;b;) : i < w} is inconsistent.

We note that we will consistently use the letters p, g, r to refer to types, n,m, k,!
to refer to numbers. In this way, no confusion between ¢-dividing and the more
familiar k-dividing will arise.

The related notion of a higher formula was introduced by Malliaris and Shelah
in [MS15] on the way to a new characterization of NTP; theories:

Definition 3.10. [MS15, Definition 8.6] A higher formula is a triple (p, A, D)
where ¢ = ¢(x;y) is a formula, A is a set of parameters, and D is an ultrafilter on
A'W) g0 that, if ¢ = Av(D,M) and (b; : i < w) = ¢®¥|4 then {@(x;b;) 1 i < w} is
consistent.

We can rephrase the above definition as: (¢, A, D) is a higher formula if, setting
q = Av(D,M), p(z;y) does not ¢g-divide over A.

Definition 3.11. We say that a formula ¢(x;b) Kim-divides over A if there is
some A-invariant global type ¢ D tp(b/A) so that ¢(x;y) ¢-divides. The formula
@(z;b) Kim-forks over A if ¢(x;b) - \/, ) vi(x; ¢') and each ;(z; ¢*) Kim-divides
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over A. A type Kim-forks if it implies a formula which does. If tp(a/Ab) does not
Kim-fork over A, we write a J/i b.

We call this notion Kim-dividing to make explicit the fact that this definition was
inspired by a suggestion of Kim in his 2009 BIRS talk [Kim09], where he proposed
an independence relation based on instances of dividing that are witnessed by every
appropriate Morley sequence. A rough connection between Kim’s notion and ours is
provided by Theorem 3.14 below, which shows that, in an NSOP; theory, dividing
with respect some invariant Morley sequence is equivalent to dividing with respect
to all. An even tighter connection is established by Theorem 6.6, which shows
that we can drop the assumption that the Morley sequences are generated by an
invariant type. (We note that for technical reasons our notion is still different from
Kim’s — the proposal of [Kim09] forces a kind of base monotonicity and we do not).

In general, we only know that a type over A has a global A-invariant extension
when A is a model. Thus, when working with Kim-independence below, we will
restrict ourselves almost entirely to the case where the base is a model.

The next two propositions explain how the notions of higher formula and g-
dividing interact with SOP;.

Proposition 3.12. Suppose T has SOP;y. Then there is a model M =T, a formula
o(z;b), and ultrafilters Dy, D1 on M with

AU(D07 M) = AU(Dlv M) = tp(b/M),
so that (¢, M, Dy) is higher but (@, M, Dy) is not higher.

Proof. Fix a Skolemization T5% of M. As T has SOP;, there is, by Proposition 2.4,
a formula ¢(z;y) and an array (¢; ;j)i<w+1,j<2 such that

(1) (€i)i<w+1 is an indiscernible sequence (with respect to the Skolemized lan-

guage)

(2) Cw,0 E%j: Cuw,1-

(3) {@(m;¢i0) i <w+ 1} is consistent.

(4) If i < j, then {p(x;¢1), p(x;¢j0)} is inconsistent.
Put M = Sk(¢<,). For j = 0,1, let D; be any non-principal ultrafilter on M,
concentrating on (¢;; : ¢ < w) and set ¢; = Avp(D;,M) for j = 0,1. Note
that qo[n = tpp(cwo/M) = tpp(cw1/M) = aila by (2). By (3), ¢(z;y) does
not go-divide, hence (¢, M,Dy) is higher. However, by (4) and indiscernibility,
{p(z;¢1,) : j < w} is 2-inconsistent hence ¢(x;y) ¢i-divides, so (¢, M, D;) is not
higher.

Proposition 3.13. Suppose A is a set of parameters and @(x;b) is a formula
which g-divides over A for some global A-invariant type q 2 tp(b/A). If there is
some global A-invariant r 2 tp(b/A) such that o(x;y) does not r-divide, then T has
SOP;.

Proof. As ¢(x;y) g-divides over A, there is k so that instances of ¢(x; y) instantiated
on a Morley sequence of ¢ are k-inconsistent.
Let (¢;1,¢i0)icz = (@ ® r)®%|5. We have to check that the sequence satisfies
the following properties:
(1) {@(z;ci0) 14 € Z} is consistent
(2) {e(x;¢i1) i€ Z} is k-inconsistent
(3) ¢io =e., i1 for all i € Z.

{higher}

{qdiv}
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Note that (ci0)iez = 7®Z|pr so (1) follows from our assumption that ¢(z;y) does
not r-divide. Likewise, (¢; 1)icz = ¢®%|m so (2) follows from the fact that o(z,y)
g-divides. Finally, for any ¢ € Z, we have ¢-; realizes a global M-invariant type
over Mc; oc¢; 1. Hence (3) follows from the fact that ¢; o = ¢i1. O

Theorem 3.14. The following are equivalent for the complete theory T':

(1) T is NSOP,

(2) Ultrafilter independence of higher formulas: for every model M =T, and
ultrafilters D and € on M with Av(D, M) = Av(E, M), (p, M, D) is higher
if and only if (p, M, E) is higher

(3) Kim’s lemma for Kim-dividing: For every model M = T and p(x;b), if
o(x;y) q-divides for some global M -invariant q¢ 2 tp(b/M), then p(z;y)
q-divides for every global M -invariant g 2 tp(b/M).

Proof. (1) = (3) is the contrapositive of Proposition 3.13.
(2) = (1) is the contrapositive of Proposition 3.12.

(3) = (2): Immediate, since every type finitely satisfiable in M is M-invariant.

([

)
3)

Remark 3.15. Note that the proof gives a bit more: if T is NSOPy, (2) is true over
arbitrary sets and (3) is true over an arbitrary set A provided tp(b/A) extends to
a global A-invariant type.

3.3. The basic properties of Kim-independence. Theorem 3.14, a kind of
Kim’s lemma for Kim-dividing, already gives a powerful tool for proving that in
NSOP; theories Kim-independence enjoys many of the properties known to hold
for non-forking independence in simple theories.

We will frequently use the following easy observation. The proof is exactly as in
the case of dividing. See, e.g., [GIL02, Lemma 1.5] or [She80, Lemma 1.4].

Lemma 3.16. (Basic Characterization of Kim-dividing) Suppose T is an arbitrary
complete theory. The following are equivalent:

(1) tp(a/Ab) does not Kim-divide over A.

(2) For any global A-invariant q 2 tp(b/A) and I = (b; : i < w) = ¢®¥|a with
by = b, there is a’ =4y a such that I s Aa’-indiscernible.

(3) For any global A-invariant q 2 tp(b/A) and I = (b; : i < w) = ¢®¥|4 with
bg = b, there is I' =44 I such that I' is Aa-indiscernible.

Note that in an NSOP; theory, by Kim’s Lemma for Kim-dividing, we could
have replaced (2) by: there is a global A-invariant ¢ D tp(b/A) and I = (b; : i <
w) | q®¥|a with by = b, so that for some @’ =45 a such that I is Aa’-indiscernible
(and similarly for (3)).

The following proposition is proved by the same argument one uses to prove
forking = dividing via Kim’s lemma, as in [GIL02, Theorem 2.5] or [CK12, Corollary
3.16]

Proposition 3.17. (Kim-forking = Kim-dividng) Suppose T is NSOPy. If M =T,
if (x;b) Kim-forks over M then ¢(xz;b) Kim-divides over M.

Proof. Suppose ¢(z3b) =V, ¢ (z; ¢?) where each 1;(z; ¢') K-divides over M. Fix
an ultrafilter D on M so that (b,c°, ..., c*1) = Av(D, M). Let (b;,c?,...,cF 1)icw

()



ON KIM-INDEPENDENCE 11

be a Morley sequence in Av(D,M). Then (b;);<, is an M-invariant Morley se-
quence. We must show {p(z;b;) : i < w} is inconsistent. Suppose not — let
a = {p(z;bi) i <w}. We have o(z;0;) =V, P;(w;¢l) so for each i < w, there
is j(i) < k so that |= ¥ (a;cz(i)). By the pigeonhole principle, there is j, < k
so that X = {i < w : j(i) = j.} is infinite. Then (¢/*)iex is an M-invariant
Morley sequence in tp(c’* /M). As T is NSOPy, Kim-dividing over M is witnessed
by any M-invariant Morley sequence so {1;, (z;¢)*) : i € X} is inconsistent. But
a = {¢;. (z;¢)*) i € X}, a contradiction. O

Proposition 3.18. (Extension over Models) Suppose M is a model, and a J/Z b.

o o — 1 K
Then for any c, there is a’ = a so that a J/M be.

Proof. This is the usual proof, using Proposition 3.17. Let p(z;b) = tp(a/Mb). We
claim that the following set of formulas is consistent:

p(x;0) U{—(x;b,¢) : (x;b,¢) € L(Mbc) and ¢(x; b, ¢) Kim-divides over M }.

If this set of formulas is not consistent, then by compactness,

pla;b) = \/ vilw; b, ca),
i<k
where each 9;(z;b, ¢;) Kim-divides over M. It follows that tp(a/Mb) Kim-forks
over M, so it Kim-divides over M by Proposition 3.17, a contradiction. So this set
is consistent and we may choose a realization a’. Then o J/Z becand ¢’ =y a. O

Proposition 3.19. (Chain Condition for Invariant Morley Sequences) Suppose T
is NSOPy and M =T. Ifa J/f\; b and q 2 tp(b/M) is a global M-invariant type,
then for any I = (b; : i < w) = ¢®¥|ym with b = by, there is a’ =y a so that
a1 and I is Ma'-indiscernible.

Proof. By the basic characterization of Kim-dividing, Lemma 3.16, given a \[/J\IZ b,
q 2 tp(b/M) a global M-invariant type, and I = (b; : i < w) | ¢®*|y with
b = by, there is a’ =pp a so that I is Ma'-indiscernible. To prove the proposition
it suffices to show a’ J/Z bey, for all n. Given n < w, let 7(z;90,- -, Yn_1) =
tp(a’; bo, ..., bnfl/M) Then <(bkn+n717 bkn+n,27 . ,bkn) k< w) ): (q®n)®w‘M
and, by indiscernibility,

al ): U T’(Z‘; bkn+n—1a bkn+n—27 ey bkn)
k<w

As T is NSOP, this shows a’ | ¥ be. O

The next section will be dedicated to the proof that J/K is symmetric in NSOP4
theories. The argument will require more tools, but at this stage we can already

observe the converse: even a weak form of symmetry for \LK will imply that a
theory is NSOP;.

Proposition 3.20. The following are equivalent:
(1) T is NSOP; ‘
(2) Weak symmetry: if M |=T, thenb || a = a J/Z b.

{extension}

{chaincondition}

{weaksymmetrylemma}
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Proof. (1) = (2). As b \sz a, there is a global M-invariant type r 2 tp(b/Ma).
We can find a Morley sequence I = (b; : i < w) in ¢|prq with by = b. Then T is
M a-indiscernible, so no formula in tp(a/Mb) divides with respect to the sequence
I. But by Kim’s lemma for Kim-dividing, this implies a J/f\; b.

(2) = (1). Suppose a j/][\; b. We argued in the previous direction that b J/é\/[ a
entails the existence of a Morley sequence which does not witness that tp(a/Mb)

Kim-divides over M. This is a failure of Kim’s lemma for Kim dividing, so T has
SOP; by Theorem 3.14. O

4. SYMMETRY

4.1. Generalized indiscernibles and a class of trees. For an ordinal «, the
language Ls o be (I, A, <jew, (P3)g<a). We may view a tree with « levels and
L o-structures by interpreting < as the tree partial order, A as the binary meet
function, <;e, as the lexicographic order, and Pg interpreted to define level 5. For
the rest of the paper, a tree will be understood to be an L, o-structure for some
appropriate a. We will sometimes suppress the o and refer instead to L, where
the number of predicates is understood from context. We define a class of trees 7,
as follows.

Definition 4.1. Suppose « is an ordinal. We define 7, to be the set of functions
f so that
e dom(f) is an end-segment of «, possibly empty unless « is a limit.
o ran(f) Cw.
e finite support: the set {7y € dom(f) : f() # 0} is finite.
We interpret 7, as an L, o-structure by defining
e f<Qgifandonlyif f Cg. Write f L gif =(f <g) and =(g < f).
o fAg= fliga) = 9l[g.a) Where = min{~y : flj; ) = 9glr.a)}, if non-empty
(note that 8 will not be a limit, by finite support). Define f A g to be the
empty function if this set is empty (note that this cannot occur if « is a
limit).
o [ <iex gifand only if f < g or, f L g with dom(f Ag) =[y+ 1,a) and
f(v) <g(v)
e Forall 6 <a, Pg={f €T, :dom(f) =[8,a)}. P, is only defined on T,
if a is a successor, in which case it only contains the empty function.

It is easy to check that for all n < w, T,, = w<". For « infinite, however, T, will
be ill-founded. In particular, Py names the level at the top of the tree, Pgy; names
the level immediately below Pg, and so on.

As many arguments in this paper will involve inductive constructions of trees of
tuples indexed by 7, it will be useful to fix notation as follows:

Definition 4.2. Suppose « is an ordinal.
(1) If w C a, the restriction of T, to the set of levels w is given by

To | w=1{n € T, : min(dom(n)) € w and § € dom(n) \w = n(B) =0}.

(2) If n € Ty, dom(n) = [+ 1,a), and ¢ < w, let n —~ (i) denote the function
nU{(8,1)}.

(3) If a < B, we define the map tapg : Ta — T3 by tap(f) = fU{(7,0) : v €
g\ at.
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(4) If B < a, then (g € T, denotes the function with dom({s) = [3, @) and
Ca(y) =0 for all v € [5, ).

The function i.p includes 7, into Tz by adding zeros to the bottom of every
node in 7. Clearly if a < 8 < 7, then 1oy = tgy 0 tag. If B is a limit, then T3 is
the direct limit of the 7, for a < § along these maps. Visually, to get 7,41 from
T, one takes countably many copies of 7, and adds a single root at the bottom.

Definition 4.3. Suppose [ is an L’-structure, where L’ is some language.

(1) Wesay (a; : i € I)is aset of I-indexed indiscernibles if whenever (so, ..., Sp—1),

(to,...,tn—1) are tuples from I with

attpr (soy .-y Sn—1) = aftpy. (o, ..., tn-1),

then we have

tp(asgy - -5 Qs,_y) = tp(Qtgs .- 0, ).

(2) In the case that L’ = Ly, for some «, we say that an I-indexed indiscernible
is s-indiscernible. As the only L, o-structures we will consider will be trees,
we will often refer I-indexed indiscernibles in this case as s-indiscernible
trees.

(3) We say that I-indexed indiscernibles have the modeling property if, given
any (a; : ¢ € I) from M, there is an I-indexed indiscernible (b; : 4 € I) in M
locally based on (a; : i € I) —i.e., given any finite set of formulas A from L
and a finite tuple (¢o,...,t,—1) from I, there is a tuple (sq, ..., $p—1) from
I so that

aftpy (tos .-y tn—1) = aftpr (S0, -+, Sn—1)

and also
tpa(btgs - - bt 1) = tha(asy, .- as, ).

Fact 4.4. [KKS14, Theorem 4.3] Let denote I be the L ,-structure (w<*, <, <jey
A, (Py)a<w) with all symbols being given their intended interpretations and each
P, naming the elements of the tree at level a. Then Is-indexed indiscernibles have
the modeling property.

Remark 4.5. Note that the tree w<*“ is not the same tree as 7, which is ill-founded.
Corollary 4.6. For any «, T,-indezed indiscernibles have the modeling property.
Proof. By Fact 4.4 and compactness. O

Definition 4.7. Suppose (a,)ne7, is a tree of tuples, and C is a set of parameters.

(1) We say (ay)ne7, is spread out over C if for all n € T, with dom(n) = [3 +
1, ) for some f < «, there is a global C-invariant type g, 2 tp(asy,;—~0/C)
so that (apy—(;))i<w is a Morley sequence over C in g,,.

(2) Suppose (ay)ner, is a tree which is spread out and s-indiscernible over C'
and for all w,v € [o]<% with |w| = |v],

(an)neTa lw =C (an)nen lv

then we say (ay)ne7, is a Morley tree over C.
(3) A tree Morley sequence over C is a C-indiscernible sequence of the form
(a¢s)p<a for some Morley tree (ay,),eT, over C.

{modeling}
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Remark 4.8. If (ay,)neT, is s-indiscernible over C, then, in order to be spread out
over C, it suffices to have global C-invariant types as in (1) for all n identically
zero - i.e. those nodes in the tree of the form (g for some 8 < a. Note that the
condition in (2) forces (a¢,)s<a to be C-indiscernible. Finally, in (3) we speak of
(a¢s)p<a, the sequence indexed by the all-zeroes path in the tree, simply because
this is a convenient choice of a path. In an s-indiscernible tree over C, any two
paths will have the same type over C. Hence, (3) may be stated more succinctly
as: a tree Morley sequence over C is a path in some Morley tree over C'.

Lemma 4.9. Suppose (a;)i<. is a tree Morley sequence over C.
(1) If a; = (bs, ¢;) for all i < w, where the b;’s are all initial subtuples of a; of
the same length, then (b;);<. is a tree Morley sequence over C.
(2) Given 1 < n < w, suppose d; = (An.iy Gnit1s---,0nitn—1)- LThen (d;)icw
is a tree Morley sequence over C.

Proof. (1) is immediate from the definition: s-indiscernibility, spread-outness, and
being a Morley tree over C are all preserved under taking subtuples.

(2) Suppose (ay)peT, is a Morley tree over C' with a¢, = a;. Define a function
J: Tw — T so that if n € T, with dom(n) = [k,w), then dom(j(n)) = [n(k+1),w)

and
, _fn(t-1 if n|l
stww ={"G

otherwise

for all [ € [n(k + 1),w). Define (b,)ne7., by

by = (@j0), a5~ - - > () ~0n=1)-

It is easy to check that this is also an s-indiscernible tree over M (more formally, this
construction corresponds to the n-fold elongation of the tree (a,),c7., as defined in
[CR16] so (by,)neT,, is s-indiscernible over M by [CR16, Proposition 2.1(1)] there).
It is also easy to check that (b,)),e7, is spread out over M. Finally, the tree (by,)ner,
is also a Morley tree over M: given w € [w]<%,let w’' = {n(k+1)—1:k € w,l < n}.
Then if w,v € [w]<* and |w| = |v], then |w'| = [V'] 50 (an)neTs v =c (an)neT v’
50 (by)net, 1w =c (by)neT1v- It follows that (b¢, )i« is a tree Morley sequence over
C. As we have

bQ = (agn(iﬂ) ) aC”(iJrl)/‘\Oa ey acn(iﬁ—l)/\O"*l) = (an(i+1)7 an(i+1)+17 s 7an(i+1)+n+l)7
we deduce that (d;);<. is a tree Morley sequence over M. |
From the existence of a sufficiently large tree which is spread out and s-indiscernible

over M, one can obtain a Morley tree which is based on it. The proof is via a stan-
dard Erd8s-Rado argument. We follow the argument of [GIL02, Theorem 1.13].

Lemma 4.10. Suppose (a,)neT, is a tree of tuples, spread out and s-indiscernible
over M. If k is sufficiently large, then there is a Morley tree (by)peT, so that for
all w € [W]<Y, there is v € [K]<“ so that

(an)ne”& v =M (bn)neTw tw-

Proof. Let A = 2MI+ITl and set k = 35+ ()\). Given a tree (a,),e7. s-indiscernible
and spread out over M, let

L = {tp((ay)net 1w/M) s w € [K]"}.
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By induction on n, we will find a sequence of types p, € I, so that

Aay:neT) =) U palag:neTsw).

n<w we(w|n

is consistent. Construct by induction on n cofinal subsets F,, C AT and subsets
Xe¢n C Kk so that

(1) Fn+1 g Fn

(2) | Xe¢n| > 3Ja(A) when € is the ath element of F),

(3) If w € [X¢n]", then (ap)neT jw = Pn-

(4) [Fa| =A™
For n =0, we let Fy = AT and X¢ o = & for all £ < AT. Suppose F,, and (X¢ ,)ecr,
have been constructed. Write F,, = {, : a < )\+} where the &, enumerate F), in
increasing order. Then for all o < AT,

> :la+n+1 ()‘)

For a moment, fix £ = ,4n+1. Define a coloring on [X¢ ,,]" ! by

|'X£a+n+lan

w = tp((an)neT. tw/M).

This is a coloring with at most A many colors so by Erdés-Rado there is a homo-
geneous subset X¢ 11 € X¢ p with [X¢ np1| > Ja(N). Let ppi1aqnyr denote its
constant value. By the pigeonhole principle, as the set of possible values is A and
{a+n+1:a < AT} has size AT, there must be some subset Y C {a+n+1:a < AT}
of cardinality A" so that 8,8’ € Y implies p 41,8 = Pnt+1,8- Let ppy1 = pnt,p for
some/all € Y. Put F,yy = {&g: B €Y} Then pyy1, Fryr, and (Xe¢ ny1)eer,
clearly satisfy the requirements.

By compactness, this shows that A(z,, : 7 € T,,) is consistent. Let (by),e7, be a
realization - now (b,),ec7, is a Morley tree over M. GIVE DETAILS O

4.2. The symmetry characterization of NSOP;. In this subsection, we prove
a version of Kim’s lemma for tree Morley sequences and use it to prove that Kim-
independence is symmetric over models in an NSOP; theory. Lemma 4.11 is the
key step, showing that tree Morley sequences exist under certain assumptions. The
method of proof is an inductive construction of a spread out s-indiscernible tree,
from which a Morley tree (and hence a tree Morley sequence) can then be extracted.
This basic proof-strategy will be repeated several times throughout the paper.

Lemma 4.11. Suppose T is NSOP;, M E T, and a\LAIZ b. For any ordinal
a > 1, there is a spread out s-indiscernible tree (cy)ner, over M, so that if n Qv
and dom(v) = «, then c,c, =pr ab.

Proof. We will argue by induction on a. For the case a = 1, fix ¢ 2 tp(b/M), a
global M-invariant type. Let (b; : i < w) = ¢®¥|p. As a J/AIZ b, we may assume
this sequence is M a-indiscernible. Put c(}, = a and c(;y = b;. It is now easy to check
that (c}])neﬂ is a spread out s-indiscernible tree satisfying the requirements.
Suppose for a we’ve constructed (cg)ng—ﬂ for 1 < 8 < a such that, if y < f < «
and 1 € T, then ¢} = Ciﬁwﬁ(n)' By spread-outness, we know that <cg<i> D < w)
is an M-invariant Morley sequence which is, by s-indiscernibility over M, Mcj-

indiscernible. Therefore, cf Lﬁ(cgm)i@,. By extension (Proposition 3.18), we

{treeexistence}
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may find some ¢/ SM(eR 4))ice cg so that

K
c L(C%)nen-
M

Choose a global M-invariant type ¢ 2 tp((c))nes /M). Let (¢ )neTs, 11 <w)
q®%|n with ¢y o = ¢y for all 5 € 7, By the chain condition (Lemma 3.19), we can

K ) .
c8)per, € S0 that ¢ | (el )neT, icw and (¢ ;)peT, 1 i <w) is Mc"-
indiscernible. Define a new tree (dy),e7,,, by setting dy = ¢’ and d

find ¢” =y

—_ (67
iaat1(n) — C"]
for all n € 7. Then let (¢p*'), 7. ,, be a tree s-indiscernible over M locally based
on (d,)ne7,. By an automorphism, we may assume cf‘*lﬂ(n) = ¢y for all n € T,.
This satisfies our requirements.

Finally, suppose for § limit we’ve constructed (c,ﬁ7 JneTs for 1 < B <6 such that,
ify<p <dandn €T, then ¢f = &’ () If n € Ts, then for some 8 < 4, there

iyp

is v € T so that igs(v) = n. Then put cf] = c?. This defines for all 3 < § an
s-indiscernible tree (cg JneT, satisfying our requirements. O

Lemma 4.12. Suppose T is NSOP,, M =T, and a JJ;Z b. Then there is a tree
Morley sequence (a;)i<w which is Mb-indiscernible with ag = a.

Proof. By Lemma 4.11, for arbitrarily large cardinals s, there is a tree (c¢;),e7,
which is spread out and s-indiscernible over M so that if n > v and dom(v) = &
then ¢, c, =p ab. Note that 77 = T \{v € Ti. : dom(v) = k} = {n € 7, : dom(n) C
[1,k)} is isomorphic to Ty. So we may enumerate (c,)pe7 as (dy)ye7.. Note that
for all n € Tx, dy =m a and d¢, = c¢,,, for all @ < k. By Lemma 4.10, there is a
Morley tree over M (d; ),eT, so that for all w € [w]<“ there is v € [k]<* so that
(dn)neTto =nr (dy)neT. 1w-

Let p(x;a) = tp(b/Ma). We claim (J;, p(z;d;,) is consistent. Given n, let
w = {0,...,n —1}. Find v € [£]<¥ so that (dy)yeT.1v =0 (&) neT,tw- v =
{0, ..., an—1}, then for i < n we have d¢, = c14¢,. Then because ¢, ,,, c¢¢, =m ab
for all i < n, we have c¢, = U, p(z;dc, ). This shows |J,_,, p(z;dc,, ) is consistent
and hence {J,_,, p(x;d;,) is consistent. The claim follows by compactness.

Let V' = U, p(x;d;,). Extract from (d,)i<. an Mb-indiscernible sequence
(ai)icw. As (ai)icw =M (déi)i<w7 we know (a;)i<. is a tree Morley sequence. By
an automorphism, we may assume b’ = b and ag = a. ([

Proposition 4.13. (Kim’s lemma for tree Morley sequences) Suppose T is NSOP;
and M = T. The following are equivalent:
(1) o(x;a) Kim-divides over M.
(2) For some tree Morley sequence (a;)i<,, over M with ag = a, {p(z;a;) : i <
w} is inconsistent.
(3) For every tree Morley sequence (a;)i<, over M with ag = a, {o(x;a;) 1 i <
w} is inconsistent.

Proof. Suppose (a;)i<., is a tree Morley sequence over M. Let (a,),ec7., be a Morley
tree over M with a¢, = a,. Let n; € 7, be the function with dom(n;) = [¢,w) and

. 1 ifi=j
m(J){O J

otherwise.
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Consider the sequence I = (ay,,, G¢,,,, )i<w- Because (a,)ye7, is a Morley tree over
M, I is an M-indiscernible sequence. Moreover, by s-indiscernibility, a,, =arr., a¢,
and because it is a Morley tree, we have a¢, =wmr1., a¢,. Therefore a,, =pr., ac, -

By indiscernibility, for all 4, we have ay,, =mr1., a¢y,y,- Because (ap)yer, is a
K3

spread out tree over M, a,, |, ay., for all i. Because (ay,,)i<w is moreover
an M-indiscernible sequence, it is a Morley sequence in some global M-invariant
type. By NSOPy, it follows that {¢(z;an,,) : ¢ < w} is consistent if and only if
{p(x;ac,,,) : i < w} is consistent: if exactly one of them is consistent, then we
have SOP; by Proposition 2.4.

As (ap,,)i<w is a Morley sequence in some global M-invariant type extending
tp(a/M), ¢(z;a) Kim-divides over M if and only if {¢(x;ay,,) : i < w} is in-
consistent. So we’ve shown ¢(z;a) Kim-divides if and only if {p(z;a;) : i < w}
is inconsistent, by indiscernibility. This proves (1) = (3), since if (a;)i<, was
a tree Morley sequence over M with ag = a and {p(z;a;) : i < w} consistent,
then the above argument shows ¢(z;a) does not Kim-divide over M. This also
proves (2) = (1), since if (a;)i<, is a tree Morley sequence over M with ap = a
and {¢(z;a;) : i < w} inconsistent then the above argument shows (z;a) must
Kim-divide over M. The direction (3) = (2) is trivial. O

Proposition 4.14. (Chain condition for tree Morley sequences) Suppose T is
NSOPy and M =T. Ifa J/AIZ b and I = (b;)i<w 15 a tree Morley sequence over M

with by = b, then there is a’ = a so that o J/Izé I and I is Ma'-indiscernible.

{tmschaincondition}

Proof. We follow the proof of Proposition 3.19 above. Givenn < w, let r(z;yo,...,Yn-1) =

tp(a’; by, ..., bp_1/M). By Lemma 4.9, {(bgntn—1,0kntn—2,---,0kn) : k < w) is a
tree Morley sequence over M and, by indiscernibility,

(l/ ): U r(x; bknJrnfla bkn+n727 ey bkn)
k<w

By Proposition 4.13, this shows a’ J/Z ben. O

Theorem 4.15. (Symmetry) Suppose T is a complete theory. The following are
equivalent:

(1) T is NSOP,
(2) \LK is symmetric over models: for any M = T and tuples a,b from M,
K K
al b= bl,a
(3) \LK enjoys the following weak symmetry property: for any M = T and
tuples a,b from M, a \L?VI b implies b J/J\IZ a.

Proof. (1) <= (3) is Proposition 3.20 and (2) = (3) is immediate from the fact
that a J/?w b implies a J/Z b.

(1) = (2). Suppose T is NSOP;. Assume towards contradiction that a J/ﬁ b
and b j/f[ a. By Lemma 4.12, there is a tree Morley sequence over M with ag = a
which is Mb-indiscernible. Since b \,J//II\Z a, there is some p(z;a) € tp(b/Ma) which
Kim-divides over M. By Lemma 4.13, {¢(x;a;) : ¢ < w} is inconsistent. But
= @(b;a;) for all ¢ < w by indiscernibility, a contradiction. O

{symmetrycharthm}
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5. THE INDEPENDENCE THEOREM

5.1. Strengthening the chain condition. Before beginning the proof of the in-
dependence theorem, we will observe that tree Morley sequences can be ‘widened’
by adding on an independent tuple to each tuple in the sequence. Similar oper-
ations are possible for Morley sequences in simple theories using transitivity and
base monotonicity; in our context, we prove this by directly constructing an s-
indiscernible and spread out tree.

Proposition 5.1. Assume T is NSOP; and M |E=T. Suppose a \J/;{/[ b and (b;)i<x
is an Ma-indiscernible tree Morley sequence over M in tp(b/M). Then there is a
tree Morley sequence {a;b; : i < k) so that
aib>; = agb>o,

for alli < k.
Proof. By induction on o < &, we will build (ay,b)se7, and sequences (byp :
a+1 < B < k) so that

(1) For all n € T, a%ggnga = af{bg : mindom(n) < S < k) .

(2) (bag:a+1< B <k)is M(ay,by)yeT,-indiscernible.

(3) (ay,b;)neT, is spread out over M and s-indiscernible over M [
(4) If o < B, then (aiﬁ(n), bfaﬁ(n)) = (ay, byy) for all n € Ty.

Note that b2, enumerates a sequence indexed by [mindom(n), «). Concatenation

with the sequence b, yields a sequence indexed by [mindom(n), £). Our intention
in (1) is that there is an automorphism in Aut(M/M) sending this sequence to
(bg : B € [, k)) which moreover sends aj to a.

For the base case, define (ag, b)) = (ao,bo). This defines (af),aj)yer,. Define
<b0)5 1< 8< H> by bo,g = bg.

Suppose for some o < k, we are given (a%,bf]‘)nefra and b, satisfying the re-

quirements. By (2), we have (ba,5: o +1 < 8 < k) is M(ay, by ),eT,-indiscernible
0

K _
(a;);a bg)neTa J_/ ba,
M

since b, is a tree Morley sequence over M by (1). By symmetry, then,

K
ba J/(a?]a b?,)ne’ra-
M

Therefore, there is an M-invariant Morley sequence ((ay ;, b5 ;)neT, : i < w) which

is Mbq-indiscernible with (ag o, b5 ¢ )ner, = (a%,b%)ne7, . Choose some a, so that

axbo =p albg : o+ 1 < § < k). By compactness, Ramsey, and an automorphism,

we may assume that ((ag ;, b5 ;)neT, : 1 < w) is Ma.b-indiscernible. Define a tree

(C’U7d77)77€7—a+1 by (a%7b$;) = (ci(y(y+l(n)7diaa+l(n)) a‘nd (C(Z)’d@) = (a*vba,(x+1)' Let

(ag ™00t ) eT. ., be a tree s-indiscernible over M(byp : a4+ 2 < 8 < k) and
locally based on (cy,dy)ner.,,- Finally, define (boy15 : @ +2 < 8 < k) to be
an M (ay), by )yeT,-indiscernible sequence locally based on (bas : o +2 < 8 < k).
This completes the construction at successor steps. By an automorphism, we may

assume (a2*! etl ) = (agy,ayy) for all n € T, so condition (4) is preserved.

'laaHrl("])’ 7;O<O<+1(77)

{itsection}
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If ¢ is a limit and we're given (ay,by)ye7, for all @ < 4, define for all a < 6,
(afaé(n),b‘gaé () for all n € 7. Condition (4) guarantess that this is well-defined

and, as Ts is the direct limit of the 7, this defines (ag,bf,) for all n € 75. By
compactness and (4), we may easily find a sequence (bs g : 6 < < k) satisfying
the requirements. O

Corollary 5.2. (Strong Chain Condition) Suppose a J_/Z be and I = (¢;)i<r s an
M -invariant Morley sequence which is moreover Mb-indiscernible. Then there is
a' =uppe a with a’ J/]\K4 bl and I is Ma'-indiscernible.

Proof. By Proposition 5.1, we may extend I to a tree Morley sequence J = (b, ¢; )i<x
with by = b. By the chain condition for tree Morley sequences, there is a’ =pspe a
so that J is Ma/-indiscernible and o’ \J/fj J. In particular, o’ \LAIZ bl. O

5.2. The proof of the independence theorem.

Fact 5.3. [CK12, Remark 2.16] Write a |, b to mean that tp(a/Ab) is finitely
satisfiable in A —the w is for “ultrafilter” as this is equivalent to asserting tp(a/Ab) =
Av(D, Ab) for some ultrafilter D on A. The relation | “ satisfies both left and right

extension over models:
(1) If M is a model and a | b then for all ¢, there is some a’ =p, a so that
a LL be.
(2) If M is a model and a J;;V[ b then for all d, there is some b’ =j, b so that
ad |}, b.
The full independence theorem will be deduced from a weak independence the-
orem, which has an easy proof:

Proposition 5.4. Assume T is NSOPy. Then J/K satisfies the following weak
independence theorem over models: if M = T, a =p o, aj/ﬁ b, o J/]\K46 and

. . K
b Jj& ¢, then there is a” with a”’ =y a, " =pe @’ and a”’ J/M be.

Proof. Suppose T is NSOPy and fix M |= T and tuples a,d’,b, ¢ so that a =y o/,
a\LfV([b, a’\Lannd bl},c

Claim: There is ¢’ so that ac’ =p; a’c and a J/J[\; bc'.

Proof of claim: By symmetry, it suffices to find ¢’ with ac’ =; a’c and bc’ J/Z a.
Let p(z;a’) = tp(e¢/Md'). By invariance, we know p(z;a) does not Kim-fork over
M. We have to show

p(z;a) U{-¢(z,b;a) : p(z,y;a) € L(Ma) Kim-divides over M}
is consistent. If not, then by compactness and Kim-forking = Kim-dividing, we
must have
p(z;a) b o(z, b a),
for some ¢ where (z,y;a) Kim-divides over M. By symmetry, b J/AIZ a, so there

is some M-invariant Morley sequence (a;);<,, with ag = @ which is moreover Mb-
indiscernible. Then we have

U p(;ai) - {e(@,b;a:) i < w}.

1<w

{reduction}
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As p(z;a) does not Kim-fork over M, we know J,_,, p(x;a;) is consistent. But, by
Kim’s lemma for Kim-dividing, we know {o(z,y;a;) : ¢ < w} is inconsistent and a
fortiori {p(x,b;a;) : i < w} is inconsistent, a contradiction. So the given partial
type is consistent. Let ¢’ realize it. Then ac’ =j; a’c and ¢'b \Lz a, which proves
the claim. ([

As b |} ¢, by left extension, there is ¢’ =, ¢ with be’ |} ¢”. Then by right
extension and automorphism, we can choose some b” so that b’ =p; b”c¢” and
be' L5, 0"c" As be” |}, 0" and be’ =p bc”, it follows that (b”c”,bc’) starts a
Morley sequence I in some global M-finitely satisfiable (hence M-invariant) type.
Asa \Lff bc’, we may, by the chain condition (Proposition 3.19) find some a, =psper
a so that I is Ma.-indiscernible and a. J/J\K/I I. Then, we obtain a, =y a, a.c’ =
a’c, and a, \LZ bc”’. By construction, ¢’ =pp ¢ so there is o € Aut(M/Mb) with
(") = c¢. Then o(ax) \LAIZ be, o(ax) =mp a, and o(as) =pre @', which shows that
the weak independence theorem over models holds for T'. O

Lemma 5.5. Suppose T is NSOP,, M =T, and a LJ\IZ b. Fix an ordinal o and
any q 2 tp(b/M), a global M-invariant type. If (by)neT. is a tree, spread out over
M, so that, for all v € To, by, = qlmb,,, then, writing p(z;b) for tp(a/Mb), we
have

U p(:c; bn)
n€Ta

is consistent and non-Kim-forking.

Proof. Recall that (g is the function in 7, with domain [3, @) which is identically
zero. Our assumption entails that (be,)s<a is a Morley sequence over M in g.

. . . . K
By the chain condition, there is o’ = Ug_, p(z;1b¢,) with @' |} (be,)p<a- By
induction on 3 < o, we will pick ag so that

ag = | plaib) U |J plasbe,)

n>Cp B<y<a

K .
and ag |y (by)yecs (be,)s<y<a- As Ta = Ugo{n € Ta : (s I}, this suffices.
To start, put ag = a’. Now suppose ag is given. Note (g+1 —~ (0) = (3, so we
have

K
ag L (by)necsii~0)(b¢, ) p<r<a-
M

As the tree is spread out over M, the sequence (byc¢,,,~@y @ @ < w) is an M-
invariant Morley sequence and, moreover, we know (b¢. ) s<y<a is a Morley sequence
over M (byc, ., ~(i))i<w in g, which implies that (by¢,,, ~qy 11 < w) is M(by)s<y<a-
indiscernible. By the strong chain condition, we may find agy; so that

AB+1 =M (bn)npcy g~ (bey)p<r<a @B
and also (by¢,,, (i) 1 < w) is Magy-indiscernible and
K

ag+1 L ((bn)necspr~i) i<w(be, ) p<y<an-
M
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Unravelling, we have

agp = | p@b)u J o plaibe)

n>Cp41 B+1<y<a

and agi1 L;(bn)nkgﬂl (b¢,)s+1<y<a- This completes the successor step.
If § < v is a limit and we have ag for all 5 < §, we may find an as satisfying the
requirements by compactness and finite character of Kim-dividing. This completes

the proof. O
{zigzag}
Lemma 5.6. Suppose the complete theory T is NSOPy, M =T and b J/f\; b'. Then
for any global M-invariant type q 2 tp(b/M), there is a TMS (b;,b})i<w Starting
with (b,b') so that
(1) If i < j, then b;b; =pr bb'
(2) Ifi> j, then b = q|mw, -
Proof. Fix q¢ D tp(b/M) and let p(x;b) = tp(b'/Mb). By recursion on «, we will
construct trees (cy, dy)peT, so that, for all
(1) If n € 7o, then
cg IZ q‘]‘/jcgndgﬂ
(2) If n € Ta, then
dy = U p(z; ¢
vbn
(3) (e, d5)neT, is spread out and s-indiscernible over M
(4) If B < « then (cf; (n)’d?;a(n)) (cf,db) for all n € Tp.
To start, define (c@,do) (b,t'). This defines (¢}, d))neT;-
Now suppose given (cj,d;)ner,. Let ((c5;,dy;) + @ < w) be an M-invariant
Morley sequence with (cpy o, dy o)neT, = (Cmdn)neTa Pick ¢, so that
Cx |: q‘M(CT, i T,y¢)r}€7’,,,’i<od'
Then, by Lemma 5.5, we may choose d, so that
d ): U 7171 Up(xc*)
n€Ta
1<w
Define a tree (ey, fy)neTa i, by
(g, fo) = (cxds)
(eiy~ns fiy—~n) = (chidy.)-
Finally, let ( o1 da+1)ne7’a 41 be a tree s-indiscernible over M locally based on
this tree. By an automorphism, we may assume that c“*i ) = cy for all n € Ty.
This satisfies the requirements.

Finally, arriving to stage ¢ for § limit, we simply define (cg, d‘f,)neﬁ by stipulating
(Cgﬁa(n)’ dfm(n)) (cf,7 df]) for all B < 6. By the coherence condition (4), this is well-
defined, and satisfies the requirements. O

{itthmchar}

Theorem 5.7. Suppose T is a complete theory. The following are equivalent:
(1) T is NSOP,
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(2) \LK satisfies the independence theorem over models: if M =T, a =p ',
a \Lfd b, a \[/AK/I c, and b J/AI; ¢, then there is a” with o’ =y a, a” =pe a

K
and a” |} be.

Proof. (2) = (1) follows from [CR16, Theorem 5.1], using that | * implies | |
together with symmetry for LK
(1) = (2): Assume T is NSOP;. Suppose M = T, a =p o/, and aj/f/[ b,

a’ J/ﬁc and b J/AIZ c. We must show there is a” with a” = a, a” =y a’ and
a” J/]Iv([ be. Let po(x;b) = tp(a/MDb) and p;i(x;c) = tp(a’/Mec). Suppose towards
contradiction that po(x;b) U pi(x;c) Kim-forks over M. Let g 2 tp(b/M) be a
global type finitely satisfiable in M. In particular, ¢ is M-invariant so, by Lemma
5.6, there is a tree Morley sequence over M, (b;, ¢;)icz so that

(1) If ¢ < j, then bic; = be

(2) If i > j, then b; = q|nre;-
Then both (ba;, c2i+1)icz and (ba;, ca;—1)icz are tree Morley sequences over M. By
(1), we know po(x;bo) U p1(x; ¢1) Kim-forks over M so

U po(w;b2;) Up1(z; c2i41)
i€

is inconsistent. However, because bg J/;& c_1 by (2), Proposition 5.4 gives that
po(x;b9) Upi(x;c_1) does not Kim-fork over M. Therefore

U pol@; b2:) Ups (w3 c2i 1)
iez

is consistent. And this is a contradiction, as these two partial types are the same.
This completes the proof. O

Corollary 5.8. Suppose T is NSOPy, M =T, b=p b and b J/]\IZ b'. Then there
is a tree Morley sequence over M, starting with (b,b').

Proof. Let p(x;b) = tp(b//Mb). By induction on ordinals « > 1, we will build trees
(b5 )neT,, spread out and s-indiscernible over M so that

(1) v <t n then byby =pr b'b.

(2) Uyer, p(z;b5) does not Kim-fork over M.

o — B
(3) If 1 < 8 < a, then b3y = b

To start, let b = (b;)i<, be an M-invariant Morley sequence - as bif\; b, we
may assume this sequence is Mb'-indiscernible. By the chain condition, we have
r ) K7 A / 7 so B

v L, b Letﬁq(x, b) = tp(b /Zyb) By the Independence Theorem, there is b” |=

p(z; b ) Uq(z;b) with b” J/f\; b'b. Define (b)),e7; by by and b%w = b;. Then (b} )neT;
is spread out and s-indiscernible over M and clearly satisfies (1). Moreover, as

v = | pla;by)

neTL

and b” \Lﬁ(b,}])neﬂ, (2) is satisfied as well.
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Now suppose given (b5))e7, - Let (b ;)neT, i <w) be an M-invariant Morley

(87
i

sequence with (b5 )ne7, = (b5)neT,. Choose b” Lﬁ(b‘*)nen with

v = plaby),
N€Ta
(this is possible by (2)). By the chain condition, we may assume the sequence
(b5 )neT,, i < w) is Mb"-indiscernible and that b” \Lﬁ(bg,i)neTa,Kw- Define a
tree (¢y)netai, by g = b" and ¢y~ = b2 ;. Then let (b3+1), 7. ., be a tree which
is s-indiscernible over M and locally based on (c¢;)pe7,. By an automorphism, we

may assume that bf‘“ = by for all n € 7,. This satisfies the requirements.

at1(n) T

Finally, if 6 is a limit and we are given (b )ye7, for all a <, define (bf;eT[;
as follows: if 5 € 75, choose any « < § and v € T, so that 7 = ins(v). Then define
bg = b%. By the coherence condition, this is well-defined and clearly satisfies the
requirements.

To conclude, let x be big enough for Erdés-Rado and consider (by),e7, given
by the above construction. Let (bga)a<n be an enumeration of the all zero’s path
in the tree. Apply Erdés-Rado to find (¢;)i<. M-indiscernible and based on this
sequence. By an automorphism, we may assume ¢y = b and ¢; = b'. ([l

6. FORKING AND WITNESSES

6.1. Basic properties of forking. ] o
{forkingandidivdingdef}
Definition 6.1. (1) The formula ¢(x;b) divides over A if there is an A-indiscernible
sequence (b; : i < w) so that {¢(z;b;) : i < w} is inconsistent. A type p(z)
divides over A if it implies some formula that divides over A. Write a \Li B
to mean that tp(a/AB) does not divide over A.
(2) The formula @(z;b) forks over A if o(x;b) implies a finite disjunction
V,; ¥i(z; ¢;) where each ;(z;¢;) divides over A. A type p(x) forks over
A if it implies a formula which forks over A. We write a | f; B to mean
that tp(a/AB) does not fork over A.
(3) When M is a model, write a \I/Z\/I b to mean tp(a/Mb) extends to global
M-invariant type.

The following facts about forking and dividing are easy and well-known — see,
e.g., [GILO2] [AdIO5].
Fact 6.2. The following are true with respect to an arbitrary theory:
(1) a \Li b if and only if, given any A-indiscernible sequence I = (b; : i < w)
With b = by, there is a’ =43 a so that I is Aa’-indiscernible.
(2) J/f is an invariant ternary relation on small subsets satisfying:
(a) (Extension) If aj/ib, then, for all ¢, there is @’ =4, a so that
a Li be. . '
(b) (Base Monotonicity) If a \LQ be then a JJ{% c.

(c¢) (Left Transitivity) If a J/f;b cand b J/]; ¢ then ab \LZ c.
(3) For any model M,

i f K
al b= al b= a b
M M M
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As a warm-up to the theorem in the next subsection, we note that these prop-
. o . K
erties easily give a weak form of transitivity for | = :

Lemma 6.3. Suppose a \L@ be and b J/ﬁ c. Then ab \L]I\j{ c.

Proof. Assume a J/{w bc and b \LAK/I c. Asb LAIZ ¢ there is an M-invariant Morley
sequence I = (¢;);<w which is, moreover, Mb-indiscernible. By base monotonicity of
J/f, a J/f\“ ¢ so there is an M ab-indiscernible sequence I’ = (¢});<,, with I’ =z 1.
Thus I’ is an M-invariant Morley sequence with ¢, = ¢ which is Mab-indiscernible.
It follows that ab Lﬁ c. O

6.2. Morley Sequences.

Definition 6.4. Suppose M = T. An J/K—Morley sequence over M is an M-
indiscernible sequence (b; : i < w) satisfying b; J/AI; b.;. Likewise, an J/f -Morley

sequence over M is an M-indiscernible sequence (b; : ¢ < w) satisfying b; J/{w be.

Lemma 6.5. Suppose the complete theory T is NSOPy, M =T, and p(x;b) does
not Kim-divide over M. Then for any J/K—Morley sequence (b; : i < w) over M
with by = b, {p(x;b;) : i < w} is non-Kim-forking over M. In particular, this set
of formulas is consistent.

Proof. By induction on n, we will show {¢(x;b;) : ¢ < n} is non-Kim-forking over
M. The case of n = 0 follows by hypothesis. Now suppose {p(z;b;) : i < n}
is non-Kim-forking over M. Fix o € Aut(M/M) with o(by) = byy1. Let a |
{o(z;b;) i < n} with a J/AIZ b<n. Then o(a) =p a and |= p(0(a); bpt1). We know
bn+1 J/AK/[ b<y, so by the Independence Theorem, there is o' with o =Mb, @ and
a’ =my,.,, 0(a) so that o J/AIZ b<nt1. Asa’ = {p(x;b;) : 4 < n+1}, this completes
the induction. The lemma, then, follows by compactness. (Il

Theorem 6.6. Suppose the complete theory T is NSOPy and M = T. The follow-
ing are equivalent:
(1) o(x;b) Kim-divides over M
(2) For some \Lf—Morley sequence (b;)i<, over M with by = b, {p(x;b;) : i <
w} is inconsistent.
(8) For every Lf—Morley sequence (b;)i<, over M with by = b, {p(z;b;) 1i <
w} is inconsistent.

Proof. (3) = (1) < (2) is immediate, as a Morley sequence in a global M-
invariant type is, in particular, an J/f -Morley sequence and such sequences always
exist.

Now we show (1) = (3). Suppose not - assume that ¢(z;b) is a formula which
Kim-divides over M, but there is some J/f -Morley sequence over M with by = b
so that {¢(x;b;) : ¢ < w} is consistent. By induction on n, we will construct a
sequence (b});<, and an elementary chain (N;);<, so that

(1) Forallm < w, by...by =pr 0p ... 0,
(2) Foralln <w, M < N, < Npy1 <M
(3) Foralln<w, b, |1 N,
(4) For all m < w, b, € Npy1.
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For the n = 0 case, set b, = by and Ny = M. Now suppose we are given (V;)i<p
and (b})i<n. Let Ny41 be an arbitrary (small) elementary extension of N,, which

contains b/,. By invariance and extension of J/f , we may choose some b}, | so that
bo..-bp 1 =nbo.. . bpyr and by J/;/I Nyp41. This completes the recursion.

Set N = Ui<w Ni~

Claim 1: For all n < w, (b})i>n \LQ Np.

Proof of claim: Fix n. We will argue by induction on k that b, ...b;, . \LQ N,.
For k = 0, this is by construction. Assume it has been proven for k. Note that
bkt \u\c/[ Nytkt1. Now N, and (V});<n+k are contained in N,4x41 S0, in par-

ticular, we have b/, ., \LL Npby ... by, ... By base monotonicity, we have
, f
n+k+1 J_/ Nn
MY b,

This, together with the induction hypothesis, implies

f
By Vypran L N
M

by left-transitivity. The claim follows by finite character. O

Let D be any non-principal ultrafilter on {b; : i < w} and (¢;)i<, be sequence
chosen so that ¢; = Av(D, Nc.;), i.e. a Morley sequence over N in the global
M (b]) i<, -invariant type Av(D,M).

Claim 2: (¢;)i<w |7, N.

Proof of claim: Suppose not. Then by finite character, there is [ so that
(¢i)i<t j/{VIN so we choose some ¢(xq,...,2-1;d) € tp(co,...,c—1/N) which
forks over M. Choose n so that d € N,,. By definition of average type, we may
find do > ... > ij-1 > n so that M = @(bl,,..., 0, ;d). Then (b)izn L1, N,
contradicting Claim 1. O

Let ¢ O tp((¢i)i<w/M) be a global M-invariant type. Let ((cki)icw @ k < w)
be a Morley sequence over M in ¢ with cy; = ¢; for all ¢ < w. By Claim 2, we
know (¢;)i<w LLN so we may assume the sequence ((cgi)icw @ k < w) is N-
indiscernible. We know that {¢(z;b;) : ¢ < w} is consistent so {¢(z;b}) : i < w} is
consistent, and therefore {p(z;cp;) : ¢ < w} is consistent. The sequence (co;)i<w
is also an N-invariant Morley sequence so ¢(x;cg ) does not Kim-divide over N.
But as ¢o,0 =m b, (¢,0)i<w is an M-invariant Morley sequence over M, and ¢(z;b)
Kim-divides over M, we know that {¢(x;¢;0) : 4 < w} is inconsistent.

Let (d;)i<. be an array, strongly indiscernible over N, locally based on (¢;)i<.
By Lemma 3.8, we have (di0)icw =m (¢i0)icw. Also, because (¢;)i<., was taken
to be N-indiscernible and ¢y was an N-invariant Morley sequence, we know each ¢;
is an N-invariant Morley sequence, and therefore each d; is an N-invariant Morley
sequence. By choice of the array, {¢(z;d; ;) : j < w} is consistent for all 4, so
@(x;d; o) does not Kim-divide over N. Also, we have {¢(z;d;0) : @ < w} is incon-
sistent. Thus, to derive a contradiction, it suffices by Lemma 6.5 to establish the
following:

Claim 3: (d;)i<w is an | ®-Morley sequence over N.
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Proof of claim: As the (d; ;)i j<. form a strongly indiscernible array over N, we
know that for each i < w, d; is an Nd.;-indiscernible sequence. But it is also an N-
invariant Morley sequence so d; Lg di,0. By symmetry, this yields in particular

that d; o J/ﬁ do,o...d;i—1,0. This proves the claim and completes the proof. O

6.3. Witnesses.

Definition 6.7. Suppose M is a model and (a;);<,, is an M-indiscernible sequence.
(1) Say (a;)i<w 18 a witness for Kim-dividing over M if, whenever ¢(x;ap)
Kim-divides over M, {¢(z;a;) : i < w} is inconsistent.
(2) Say (a;)i<w is a strong witness to Kim-dividing over M if, for all n, the
sequence ((An.i,Gnit1y---,0nitn—1) : @ < w) is a witness to Kim-dividing
over M.

Proposition 4.13 and Lemma 4.9 show that tree Morley sequences are strong
witnesses for Kim-dividing. The following proposition shows the converse, giving a
characterization of strong witnesses as exactly the tree Morley sequences.

Proposition 6.8. Suppose T NSOP; and M |=T. Then (a;)i<w 1S a strong witness
for Kim-dividing over M if and only if (a;)i<. is a tree Morley sequence over M.

Proof. If (ai)i<w is a tree Morley sequence, then (ay.i; Gn.it1;- -+, Gnoit(n-1))i<w 18
also a tree Morley sequence over M by Lemma 4.9. It follows that (a;)i<., is a
strong witness to Kim-dividing by Proposition 4.13.

For other other direction, suppose (a;)i<w 18 a strong witness to Kim-dividing
over M. Given an arbitrary cardinal x, we may, by compactness, stretch the se-
quence to (a;);<, which is still a strong witness to Kim-dividing over M. By
recursion on a < K, we will construct trees (a;)ye7,, so that

1) For all i < a, a® = a; and also a¥ = a, for a successor.
Gi Ca
(2) (ag)yer, is spread out over M and s-indiscernible over M (a;)i>aq-

(3) If a < B, then ap " ) for all n € 7T,.

= Q.
tap
For the case o = 0, put a8 = ag. This satisfies the demands. Suppose (ag JneTs has
been defined for all f < a. By Ramsey, compactness, and an automorphism, we
may assume (a;)i>q is M(ap),e7,-indiscernible. As I = (ai)i>q is also a strong
witness to Kim-dividing over M, we have

K
(aﬁ)nen L a.
M

Let J = ((ay ;)neT, * @ < w) be a Morley sequence in an M-invariant type with

ay o = ay for all n € T,. By symmetry, -, L;(aﬁ)nen so we may assume .J is
a+1 a+1 _
Cat1 (i)~n —

ay ; for all n € T, and i < w. Note in particular, this definition gives a?a—:i»l("]) =
a+l

ag -, = ap for all n € T,. The tree we just constructed is clearly spread out.

M o-indiscernible. Define the tree (ag™'),c7.,, by a = aq+1 and a

By an automorphism, we may further assume (a%‘“)nen 41 is s-indiscernible over
M o+1. This completes the successor step.

Now suppose given (a,ﬁl)neTB for all 5 < &, where § is a limit. Define (af])neT& by
setting a?ﬂé(n) = ay for all @ < § and n € 7,. Condition (3) guarantees that this is

well-defined.
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Taking « to be sufficiently large, we may extract a Morley tree from the tree
we just constructed - in particular, we may obtain a Morley tree (b,),c7, so that
(b¢, )icw =M (@i)icw- This shows that (a;)i<. is a tree Morley sequence over M. O

Corollary 6.9. Suppose T is NSOPy and M =T. An \Lf—Morley sequence over
M is an tree Morley sequence.

Proof. Suppose (a;)i<w is an J/f -Morley sequence over M.

Claim: For all n < w, as, J/;\C/I a<np.

We will argue as in Claim 1 in the proof of Theorem 6.6 above. By finite
character, it suffices to show a,41...an4kt1 L@ a<n for all k. For k = 0, this
is by definition of Morley sequence. Assuming for k, we have, by induction,
T O | \LL a<n. We also have apirt2 J/{w G<n+tk+1 SO by base mono-
tonicity

f
Ap+k+2 J_/ A<np.

Map41...antk+1
By left-transitivity, we have
!

Gp41 - Optk4+10n4k4+2 J/ A<n,
M

which proves the claim.

By the claim, ((apn.i, Gnit1s-- s Anitn_1) : & < w) is an J/f—Morley sequence
over M, hence a witness to Kim-dividing over M by Theorem 6.6. This shows
(a;)i<w 18 a strong witness to Kim-dividing over M. By Proposition 6.8, (a;)i<. is
a tree Morley sequence over M. ([

In any theory, if (a;)i<w is an \J/f—Morley sequence over A, then, as the proof

of Corollary 6.9 shows, that as, | f; a<y for all n < w. As base monotonicity and

left-transitivity do not necessarily hold for JJK, we give a Morley sequence with
this stronger behavior a name:

Definition 6.10. Say the M-indiscernible sequence (a;);<, is a total \LK—Morley

. K
sequence if as, \LM a<y for all n < w.

Question 6.11. Suppose T is NSOP1, M =T, and I = (a;)i<, is a total J/K-
Morley sequence over M. Is I a tree Morley sequence over M ?

7. CHARACTERIZING NSOP; AND SIMPLE THEORIES

7.1. The Main Theorem. Before continuing with the rest of the paper, we pause
to take stock of what has been shown:

Theorem 7.1. The following are equivalent for the complete theory T':

(1) T is NSOP,

(2) Ultrafilter independence of higher formulas: for every model M = T, and
ultrafilters D and € on M with Av(D, M) = Av(E, M), (p, M, D) is higher
if and only if (@, M,E) is higher

(3) Kim’s lemma for Kim-dividing: For every model M |= T and @(x;b), if
p(xz;y) g-divides for some global M-invariant ¢ 2O tp(b/M), then p(x;y)
q-divides for every global M -invariant ¢ 2 tp(b/M).

{forkingimpliestree}

{mtsection}

{mainthm}
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(4) Symmetry over models: for every M | T, then a J/AK/) if and only if
K
bl a
(5) Independence theorem over models: if M |ET, a =p o, a J/Z b, a \LAK/I c,

K . ) K
and b \LM c, then there is a”" with o’ =p a, @’ =y @' and a” \LM be.

Proof. (1) <= (2) <= (3) is Theorem 3.14.
(1) <= (4) is Theorem 4.15.
(1) <= (5) is Theorem 5.7. O

7.2. Simplicity within the class of NSOP; theories.

Definition 7.2. [Chel4, Section 6] Suppose p(x) is a partial type over the set A.

(1) We say p is a simple type if there is no ¢(z;y), (¢y)new<~ and k < w so that
{o(x;a,—3y) = i < w} is k-inconsistent for all n € w<“ and {p(z;ay);) : i <
w} is consistent for all n € w*. Equivalently, p(z) is simple if, whenever
B D A, q € S(B), and p C ¢, then ¢ does not divide over AB’ for some
B’ C B, |B'| < |T| (for the definition of dividing, see Definition 6.1 below).

(2) We say p(x) is a cosimple type if there is no formula ¢(z;y) € L(A) for
which there exists (a,)pew<e and k < w so that {p(z;a,-4y) 11 < w} is
k-inconsistent for all n € w<“ and {¢(z;a,;) : i < w} is consistent for all
1 € w* and moreover a, = p for all n € wW<¥.

Proposition 7.3. Let w(x) be a partial type over A.
(1) Assume that for any p(z;a) and B D A, m U{¢(x;a)} divides over B if
and only if m U {¢(x;a)} Kim-divides over B. Then m is a simple type.
(2) Assume that if B 2 A, then for any a and for any b = 7(z), a J/; b if and
only if a \Lg b. Then m is a co-simple type.

Proof. (1) Suppose 7 is not simple. Then by compactness, there is a formula ¢(x; y)
over A and a tree (a,),ep<wt1 s-indiscernible over A so that for some k < w

e For all n € w*t, m(z) U{p(z;ayq) : @ <w+ 1} is consistent
e For all n € w<**! {p(x;a,~4) : @ < w} is k-inconsistent.

Moreover we may assume (age : @ < w + 1) is an A-indiscernible sequence. Let
b E m(z)U{p(z;a00) : @ < w+ 1}. By Ramsey, compactness, and automor-
phism, we may assume (aga : o < w + 1) is Ab-indiscernible. Let C' = {ago :
a < w}. Then s-indiscernibility implies (agw~g : S < w) is indiscernible over
AU C and {¢(x;a00~5) : B < w} is k-inconsistent by our assumption. As
b E o(x;a0w~0), we have bj/ic agw ~o. But by indiscernibility, age g J/Zcb
so in particular age g LZG band b J/fc Agw.~0-

(2) We argue similarly. Suppose (ay),cu,<«+1 is a collection of realizations of ,
forming a tree s-indiscernible over A, with respect to which p(z;y) witnesses the
tree property. Let a E {p(z;bpa) : @ < w + 1}. By Ramsey, compactness, and
automorphism, we may assume (bge : @ < w + 1) is a Ba-indiscernible sequence.
Then we have a \,j//j(boa:a<w) bow ~o but boe —g Lz(boa:a@)) asoa J/f bow ~o. O

Corollary 7.4. The complete theory T is simple if and only if \Lf = \LK over
models.
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Definition 7.5. [YC14, Definition 2.5] We say (a;)icx is a universal Morley se-
quence in p € S(A) if
e (a;)icx is indiscernible with a; = p
o If p(x;y) € L(A) and ¢(x;a9) divides over A then {p(z;a;) : i € Kk} is
inconsistent.

Proposition 7.6. Suppose T is NSOPy. Then T is simple if and only if, for any
M =T and p(x) € S(M), there is a universal Morley sequence in p.

Proof. If T is simple, then in any type p(y) € S(M), there is a J/f -Morley sequence
in p(y). By Kim’s lemma for simple theories [Kim98, Proposition 2.1], this is a
universal Morley sequence in p.

If T is not simple, then there is some formula ¢(x;b) € L(Mb) which divides
over M but does not Kim-divide over M, by Corollary forkequalskimfork. Suppose
there is a universal Morley sequence in tp(b/M) - by compactness we can take it
to be (b;)ieq indexed by Q. Then given i € Q, we have b.; is Mb;-indiscernible
SO b J/;lw b; so b; J/]\K/[ b<; by symmetry. So (b;)ieq is an J/K—Morley sequence.
By Lemma 6.5, {¢(z;b;) : ¢ € Q} is consistent. But ¢(x;b) divides over M and
(bi)iecq is a universal Morley sequence so {p(z;b;) : i € Q} is inconsistent. This is
a contradiction. ]

If a Lf\; b, it does not always make sense to ask if a Lﬁb b, since it is not

always the case that tp(b'/Mb) extends to a global Mb-invariant type. This can
occur, however, whenever Mb' is a model, for instance. Say J/K satisfies base
monotonicity when appropriate if, whenever a \Lfv([ bb’ and tp(b’'/MDb) extends to a

global M-invariant type, then a J/Zb b.

Proposition 7.7. The NSOP; theory T is simple if and only if J/K satisfies base
monotonicity when appropriate.

Proof. Tt T is simple, this is a well-known property of non-forking independence. On
the other hand, suppose J/K satisfies base monotonicity when appropriate. We will
show that | ® = | ¢ over models. It follows then that T is simple, by Corollary
7.4. So suppose towards contradiction that aj/ﬁb but a J/‘Jiw b, witnessed by
o(z;b) € tp(a/Mb) and I = (b;)i<w+1 is an M-indiscernible sequence with b, = b
and {p(x;b;) : i < w + 1} inconsistent. As a LJ\IZ b, we may, by extension, assume
a J/AIZ I. Now tp(b/MI.,) is finitely satisfiable in M., by M-indiscernibility.
So, by base monotonicity when appropriate, we have a J/Z s b. But stretching
<w
I to (b;)icwtw, we have that (by+i)icw 18 & M., -invariant Morley sequence (in
the reverse order) in tp(b/MI.,) and {p(z;by4:) : ¢ < w} is inconsistent. So
K L
a [y, b, acontradiction. O
<w

8. EXAMPLES

8.1. Kim-Pillay. We are interested in explicitly describing J/K in concrete exam-
ples. As in simple theories, this is most easily acheived by establishing the existence
of an independence relation with certain properties and then deducing that, there-
fore, the relation coincides with J/K. The following theorem explains how this
works.

{nomorley}

{examplesection}
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Theorem 8.1. Assume there is an Aut(M)-invariant ternary relation | on small
subsets of the monster Ml |= T such that it satisfies the following properties, for an
arbitrary M =T and arbitrary tuples from M.
(1) Strong finite character: if a\,LMb, then there is a formula o(x,b,m) €
tp(a/bM) such that for any o’ = ¢(z,b,m), a" [, b.
(2) Ewistence over models: M =T implies a |, M for any a.
(3) Monotonicity: aa’ |, bV = a |, b.
(4) Symmetry: a |, b < b |, a
(5) The independence theorem: a LM b, a \LM ¢, b \LM c and a =p; a' implies
there is a” with " = a, a” =y @' and o J/M be

Then T is NSOPy and | strengthens | * -ie. if M =T, a L, b thena J/]\IZ b.
If, moreover, | satisfies
(6) Witnessing: if a [, b witnessed by ¢(z;b) and (b;)i<w is a global M-
invariant type extending tp(b/M), then {p(x;b;) : i < w} is inconsistent.

then | = |%.

Proof. Tt was shown in [CR16] that if there is such a relation | , then T is NSOP;.
The proof there shows that if | satisfies axioms (1)-(4), then a Jj;vfb implies
a \LM b. Now suppose a J/M b. Let p(x;b) = tp(a/Mb) and let ¢ be a global coheir
of tp(b/M). By the independence theorem for | , |J; ., p(;b;) is consistent. But

then a J/AIZ b. The “moreover” clause follows by definition of | . O

Remark 8.2. The condition (6) can be weakened to quantifying only over global
coheirs of tp(b/M) - this is sometimes slightly easier in practice.

Remark 8.3. Axioms (1)-(5) do not, by themselves, suffice to characterize | ™. See
Remark 8.34 below.

8.2. Combinatorial examples. In this section, we study some combinatorial ex-
amples of NSOP; theories which are not simple. They are structures which encode
a generic family of selector functions for an equivalence relation. The theories de-
fined below provide a different presentation of the a theory defined by Dzamonja
and Shelah in [DS04] (where it was called T}, — though this name is now typically
reserved for a different theory) and later studied by Malliaris in [Mall2] (where it
was called T%). We give a family of theories T as n ranges over positive integers,
but we will only be interested in the case of n = 1,2. Among non-simple NSOP;
theories, the theory T} is probably the easiest to understand, and we show that
already 17 witnesses many of the new phenomena in our context: with respect to
this theory, we give explicit examples of formulas which divide but do not Kim-
divide, formulas which fork and do not divide over models, and types which contain
no universal Morley sequences.

We also use T} to answer a question of Chernikov from [Chel4] concerning
simple and co-simple types. A type is simple if no instance of the tree property is
consistent with the type and a type is cosimple if the tree property cannot witnessed
using parameters which realize the type (see Definition 7.2 above for the precise
definition). For stability, no such distinction arises, but Chernikov was able to show
that, in general, there are co-simple types which are not simple. In fact, examples

{criterion}
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can be found in the triangle-free random graph. It was asked in [Cheld] if there
can exist simple types which are not co-simple. We show the answer is yes already
within the class of NSOP; theories.

Lastly, we use T35 to give a counter-example to transitivity for LK. Because
Kim-dividing does not behave well with respect to changing the base, the normal
formulation of transitivity doesn’t make necessarily sense. Nonetheless, there is a
natural way to formulate a version which does make sense. Suppose 1" is NSOPy,
M &= T and both a \LAIZ be and b\LZ c. Must it also be the case, then, that

ab \|/J\Kl ¢? We show the answer is no.

For the remainder of this subsection, if A is a structure in some language and
X C A, write (X)4 for the substructure of A generated by X. We write just (X)
when A is the monster model.

For a natural number n > 1, let L,, = (O, F, E, eval) where O, F are sorts, E is
a binary relation symbol, and eval is an n + 1-ary function. The theory T,, will say

e O and F are sorts - O and F' disjoint and the universe is their union.

e FE C O? is an equivalence relation on O

e eval : F" x O — O is a function so that for all f € F™, eval(f,—) is a
function from O to O which is a selector function for £ — more formally,
for all b € O, we have E(eval(f,b),b) and if b,b" € O and E(b,b") then we
have

eval(f,b) = eval(f, V).

The letter F' is for ‘function’ and O is for ‘object’ - we think of an element f € F
as naming the function eval(f, —). Let K,, be the class of finite models of T'.

Lemma 8.4. The class K,, is a Fraissé class. Moreover, it is uniformly locally
finite.

Proof. HP is clear as the axioms of T,, are universal and, as we allow the empty
structure, JEP will follow from SAP. So we show SAP. Suppose A,B,C € K,
where A C B,C and BN C = A. It suffices to define a L,-structure with domain
D = BUC, extending both B and C. Interpret OP and FP by OP = OB u 0%
and FP = FBU FC. Let EP be the equivalence relation generated by EZ U EC.
It follows that if b € B, ¢ € C and (b,c) € EP, then there is some a € A so that
(a,b) € EP and (a,c) € E¢ and, moreover, (OP, EP) extends both (OZ, EB) and
(O¢, EY) as equivalence relations.

We are left with interpreting eval?. Let {a; 1 i < ko} enumerate a collection of
representatives for the E4-classes in A. Then let {b; : i < k1} and {c¢; : i < ko}
enumerate representatives for the EZ- and E-classes of elements not represented
by an element of A, respectively. Then every element of OF is equivalent to a
unique element of

X:{alz<ko}u{bzz<k1}u{clz<k2}

Suppose d € X. If f € (FP)", define eval”(f,d) = eval®(f,d) if d € B and
eval? (f,d) = d otherwise. Likewise, if f € (FE)" and d € C, put eval”(f,d) =
eval®(f, ¢) if ¢ € C and eval®(f, ¢) = ¢ otherwise. If f € (FP)™\ ((FB)™ U (FC)"),
put eval” (f,d) = d. This defines eval on (FP)" x X. More generally, if f € (FP)"
and e € OP, define eval” (f,e) = evalD(f, d) for the unique d € X equivalent to e.
This is well-defined as B and C agree on A and the D so-defined is clearly in K,,.
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Finally, note that a structure in K,, generated by k elements is obtained by ap-
plying < k™ functions of the form eval(f, —) to < k elements in O, so has cardinality
< k™1, This shows K, is uniformly locally finite. O

It follows that there is a complete Nyp-categorical theory T)¢ extending T,, whose
models have age K,,. By the uniform local finiteness of K,,, T, has quantifier-
elimination so 7, is the model completion of T,,. Let M,, = T¥ be a monster
model.

Definition 8.5. Define a ternary relation | * on small subsets of M, by: a \L*c b
if and only if

(1) del(aC)/ENdcl(bC)/E C del(C)/E

(2) dcl(aC) N del(bC) C del(C).
where X/E = {[z]g : € X} denotes the collection of E-classes represented by an
element of X.

Remark 8.6. Note that by SAP, acl = dcl in T}. From this, it is easy to check that

| is just algebraic independence in (77¥).
encetheoremfor2functions} .
Lemma 8.7. The relation | = satisfies the independence theorem over models:

M ET* a =y d, aJ/jv[B’ a’J/ij and BJ/LC then there is o with

" — " — / 1 *
a’"=ypa,d =pcd, and a J/MBC.

Proof. We may assume M C B, C and that B and C are definably closed. Write a =
(do,-..,dk—1,€0,...,€1—1) withd; € F and e; € O and likewise a’ = (dp, ..., d},_1,€p,---,€_1)-
By uniform local finiteness, we may also assume that a is closed under the functions

of L. Fix an automorphism ¢ € Aut(M,, /M) with o(a) = a’. Let U = {uy : f €

dcl(aB) \ B} and V = {vy : f € dcl(¢’C) \ C} denote collection of new formal

elements with up = v,y for all h € (aM) \ B. Let, then, a, be defined by

Vel vy Vet ).
r_1’ €0’ » Ver_y

We will construct by hand an L-structure D extending (BC') with domain UV (BC')
in which ¢* =g a, a* =¢ a’ and a* \LL BC.

There is a bijection ¢y : dcl(aB) — BU given by to(b) = b for all b € B and
to(f) = uy for all f € dcl(aB)\ B. Likewise, we have a bijection ¢; : dcl(a’C') — CV
given by ¢1(c) = c for all ¢ € C and 1, (f) = vy for all f € dcl(a’C) \ C. The union
of the images of these functions is the domain of the structure D to be constructed
and their intersection is ¢o((aM)) = ¢1({a’M)). Consider BU and CV as L,-
structures by pushing forward the structure on dcl(aB) and dcl(a’C) along ¢y and
11, respectively. Note that to](anry = (410 )| (ans)-

We are left to show that we can define an L, -structure on UV (BC) extending
that on BU, CV, and (BC) in such a way as to obtain a model of T;*. To begin,
interpret the predicates by OP = OBV U O¢Y U O¢BC) and FP = FBU U FCV U
F{BC)  Let EP be defined to be the equivalence relation generated by EBY, E€V |
and E(BC). The interpretation of the predicates is well-defined since if f is an
element of to((aM)) = t1({a’M)) then 15 (f) is in the predicate O if and only
if 17(f) is as well, and, moreover, it is easy to check that our assumptions on
a,a’, B, C entail that no pair of inequivalent elements in BU, CV'| or (BC) become
equivalent in D.

All that is left is to define the function eval” extending eval® YUeval®Y Ueval BE) |
We first claim that eval®Y Ueval®Y Ueval‘P9) is a function. The intersection of the

Qs = (Udgy - -+ Udg 15 Uegs -+ -5 Uey_y) = (Vays oo+ Ve
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domains of the first two functions is (in a Cartesian power of) (o({(aM)) = 11 ({(aM)).
If b,b’ are in this intersection, we must show

eval PV (b, b)) = ¢ <= eval®V (b, V') = c.

Choose by, by, co € (aM) and by, V), c1 € (o' M) with ¢;(b;, b}, ¢;) = (b,V',¢). Then
since 1o = t1 o o on {aM), we have

M, | eval(bg, b)) = co <= M, E eval(a(by),c (b)) = o(c) < M, [ eval(by,b}) = c;.

Since eval®V and eval®V are defined by pushing forward the structure on (aB)
and (a’C) along g and ¢1, respectively, this shows that eval®Y U eval® defines a
function. Now the intersection of (BC) with ¢o({aM)™) is BC and, by construction,
all 3 functions agree on this set. So the union defines a function.

Choose a complete set of EP-class representatives {d; : i < a} so that if d;
represents an EP-class that meets M then d; € M. If e € OP is EP-equivalent
to some ¢ and (f,€') is in the domain of eval®?V U eval®V U eval<BC>M7 define
eval”(f,e) to be the value that this function takes on on (f,e’). On the other
hand, if f € (FP)™\ ((FBY)" U (FCV)» U (F{BEN)™) or e is not EP-equivalent to
any element on which eval” (f,—) has already been defined, put eval” (f,e) = d;
for the unique d; EP-equivalent to e. This now defines eval” on all of (FP)" x OP
and, by construction, eval” (f,—) is a selector function for EP for all f € (FP)".
This completes the construction of D and we’ve shown D is a model of T. By
model-completeness and saturation, D embeds into Ml over BC. If we can show
Qx J/L BC in D, then this will be true for the image of a, in D.

We have already argued that every EP class represented by an element of a, can
only be equivalent to an element of B or C if it is equivalent to an element of M.
Moreover, our construction has guaranteed {a,.M)P N (BC)P C M, where (X)P
denotes the substructure of D generated by X, so a. J_,jw BC. a

Proposition 8.8. The theory T, is NSOP; and, moreover, if M = T}, then
a J/*M b if and only if a LJI\; b.

Proof. In Lemma 8.7, we showed | ™ satisfies the independence theorem over a
model, and the other conditions (1)-(4) in Theorem 8.1 are clear for | *. To show
(6), notice that if A j/;‘wB with A, B definably closed and containing M, then
either there is some a € A and b € B so that = F(a,b) and the E-class of b does
not meet M or a = b for some b ¢ M. Then if (b;);<,, is a Morley sequence in some
global M-invariant g 2 tp(b/M), then both {E(xz;b;) : i < w} or {z =b; : i < w}
are 2-inconsistent. It follows that | * = | ® over models. O

Lemma 8.9. Modulo Ty, the formula O(x) aziomatizes a complete type over ()
which is not co-simple.

Proof. That O(z) implies a complete type is clear from quantifier-elimination. In
O(M]), choose an array (Ga,8)a,s<w Of distinct elements so that, for all a < o < w,
given 5,5, Mj E E(aa8,0q,8) and M = —E(aq,g,0q0,8). Let @(z;y) be the
formula eval(z,y) = y. It is now easy to check

e For all functions f : w — w, {¢(Z;aq,f(a)) : @ < w} is consistent
e For all a < w, {p(z;aq,8) : B <w} is 2-inconsistent,
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so ¢(x;y) witnesses TPy with respect to parameters realizing O(z). This shows
O(z) is not co-simple. O

Lemma 8.10. Suppose A C Ml;. Then acl(A) = dcl(A) = AU eval(F(A) x O(A)).

Proof. The equality of acl(4) and dcl(A) follows from SAP for K;. The axioms of
Ty imply that every term of L, is equivalent to one of the form x or eval(z,y), so
dcl(A) = AUeval(F(A) x O(A)). O

We will see that | * characterizes dividing when elements on the left-hand side
come from O. The following lemma is the key ingredient in proving this:

Lemma 8.11. Suppose A € Ky and A = (a, B)* for some a € O(A) and B € Ky,
where I(a) = 1. Given a sequence (B;)i<n of structures isomorphic to B over C
where fori# j, B; N B; = C. Then provided (1) is true, then (2) holds as well:
(1) a satisfies the following:
(a) Al=a#0b forallbe B\ C.
(b) A= —E(a,b) for allb € B not E-equivalent in A to an element of C.
(2) There is a structure D € Ky and some a’ € D so that
(a) ((Bi)i<n) € D.
(b) {a', B;)P =¢c {a, B)* for alli < N.

Proof. Suppose A = (a, B)4, (B;)i<n and C are given as in statement, satisfying
(1). If a € C, the lemma follows from AP in K; so assume it’s not, and therefore
a ¢ B by our assumption that A = a # b for all b € B\ C. Moreover, we may
assume By = B. Note that the underlying set of A is BU {a} Ueval(F(B),a). Let
X = ((Bi)i<n)

Case 1: A | E(a,c) for some ¢ € C. In this case, the underlying set of A is
BU {a} Ueval(F(B),c) = BU{a}. Let D be the extension of X with underlying
set X U{a} with relations interpreted so that D |= a € O A E(a, ¢) and the function
eval defined to extend eval™ and so that eval”(d,a) = eval™ (d, ¢) for all d € OP.
It is easy to check that this satisfies (2).

Case 2: A = —E(a,c) for all ¢ € C. By our assumption that A satisfies (1),
it follows that A = —FE(a,b) for all b € B and hence the underlying set of A is
the disjoint union of B and {a} Ueval® (F(B),a). Let Y = {a} Ueval*(F(B),a).
We will define an L;-structure extending X with underlying set X UY. Interpret
the sorts FP = FX and OP = OX UY. Define the equivalence relation so that
EX Cc EP and Y forms one EP-class.

Fix for all ¢ < N a C-isomorphism o; : B; — By (assume o9 = idp,). Note
that FX = Uien FBi. Interpret eval? to extend eval® and so that, if b € FB and
eeY,

eval? (b, e) = eval®(o;(b), a).
This defines D € K; and, by construction, the map extending ¢; and sending a — a
induces an isomorphism (a, B;)P — (a, Bo)? = A for all i < N. This completes
the proof. (I

Corollary 8.12. Ifa € O(My) and l(a) =1, then a \L(é, B if and only if a |, B.

Proof. If a j/*E B then clearly a j/dE B, so we prove the other direction. Suppose

a \LfE B and a j/dE B and we will get a contradiction. Suppose ¢(x; ¢, b) witnesses
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dividing, so ¢(z;¢,b) € tp(a/EB) with ¢ € E and b € B, and there is a E-
indiscernible sequence (b; : i < w) with by = b so that {o(x;¢,b;) : i < w} is k-
inconsistent for some k. Let C = ()™, B, = (¢,b;)™ and A = (a,b,c)™. Asa J/*C B,
the structures A, C, and (B;);<k+1 satisfy (1) of Lemma 8.11, and therefore there
is D € K; and some a’ € D so that {(B;)i<x+1 € D and (a’, B;)” = (a, B)* for all
i < k+1. By embedding D into M over ((B;);<k+1)" we see that, in M, {p(z; ¢, b;) :
i < k+ 1} is consistent by quantifier-elimination. This is a contradiction. ([

Corollary 8.13. The theory Ty is NSOP; and the formula O(x) aziomatizes a
complete type which is simple and not cosimple.

Proof. Lemma 8.9 shows that O(x) axiomatizes complete type which is not cosim-
ple. To show O(x) is simple, we have to show that J_,d satisfies local character on
O(z). So fix any a € M with M; = O(a) and any small set B C M;. We may
suppose B = dcl(B). Notice that dcl(a) = a. If a € B thena |’ B. Ifa ¢ B
but M |= E(a,b) for some b € B then a J/Z B. Finally, if a not E-equivalent to
any element of B then a | ; B. Lemma ?? showed a | ., B if and only if a \de B

for any a with M = O(a), so | ¢ satisfies local character on O. Therefore O is
simple. ([l

Remark 8.14. This answers Problem 6.10 of [Chel4].

Remark 8.15. Given a model M = Ty, one can consider the complete type p(z)
over M axiomatized by saying

e O(x)

e —E(z,m) for all m € O(M)

e eval(z,m) # m for all m € O(M)

In a similar fashion, one can check that this is simple, non-cosimple so, in particular,
nothing is gained by working over a model. In fact, in this situation, we get a direct
proof of the corollary, using Proposition 7.3, as we’ve shown that if a |= p, then
a J/;jw b if and only if a \LAIZ b so p is simple.

Proposition 7.6 above shows that in any non-simple NSOP; theory, there are
types over models with no universal Morley sequences in them. The following gives
an explicit example:

Proposition 8.16. Given M |= T, there is a type p € S(M) with no universal
Morley sequence.

Proof. Pick b € O(M) not in M and let p(z) = tp(b/M). Towards contradiction,
suppose (b;)i<. is a universal Morley sequence in p.

Case 1: M = E(b;, b;) for all 4, j < w.

The formula E(x;b) divides over M: choose any M-indiscernible sequence {c; :
i < w) with ¢g = b and =FE(¢;, ¢i41) — then {E(x;¢;) : i < w} is inconsistent. But
{E(x;b;) : i <w} is consistent, a contradiction.

Case 2: M = —E(b;,b;) for i # j. The formula p,(b) = b divides over M —
chose any M-indiscernible sequence (¢; : i < w) with E(c;, ¢;) for all ¢, j and co = b.
Then {p.(c;) = ¢; : i < w} is inconsistent (as for any a, the function p, takes on
only one value on elements of any equivalence class). But {p,(b;) =b; : i < w} is
consistent, a contradiction. [

{artemQ}
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Proposition 8.17. In T, forking does not equal dividing, even over models.

Proof. Fix M |=T. Let ¢(z,y;z) be the formula p,(2) = 2z V E(y, z). Given any
b € O(M) not in M, we claim the formula ¢(z,y;b) forks but does not divide
over M. The proof of Proposition 8.16 shows that both E(z,b) and p,(b) = b
divide over M so ¢(z,y;b) forks over M. Given any M-indiscernible sequence
(b; : i < w) starting with b, either all b;’s lie in a single equivalence class, in which
case {E(y,b;) : i < w} is consistent, or they all lie in different classes, in which case
{pz(b;) = b; : i < w} is consistent. Either way, {¢(z,y;b;) : i < w} is consistent, so
o(x,y;b) does not divide over M. O

The following problem was suggested by Artem Chernikov:

Question 8.18. In an NSOP; theory, does forking = dividing over models for
complete types? That is, if T is NSOP;, M E T, and p(z) € S(M) then must it
be the case that p(x) forks if and only if p(x) divides?

We note that graph-theoretic examples of theories for which forking and dividing
are different, but coincide for complete types have been studied by Conant [Conl4].
Finally, the following proposition gives a counter-example to the form of transi-
tivity mentioned at the beginning of the subsection.
Proposition 8.19. For any model M |=T*, there are f, g, and c¢ so that f J/ﬁ gc,
K K
gLy e and fg L, c
Proof. Given M |= T, choose any ¢ € M\ M in an E-class represented by an element

m of M - let {m; : i < a} enumerate a set of representatives for the remaining
E-classes of M. Then choose distinct elements f,g € F' so that

(1) eval(f,g,m) = eval(g, ) = c.
(2) eval(f, h,m) = eval(h, f,m) =m and

eval(f, h,m;) = eval(h, f,m;) = m;

for all h € FM U {f}.
(3) eval(g, h,m) = eval(h, g, m) = m and

eval(g, h,m;) = eval(h, g, m;) = m;

for all h € FM U {g}.

Then we have

del(fM) = MU{f)

del(gM) = MU{g}

del(eM) = MU{c}
del(fgM) = MU{f, g,c}
del(geM) = M U{g,c}.

It follows that dcl(fM) Ndcl(geM) and dcl(gM) Ndcl(cM) are contained in M so
f J/jw gcand g J/j\/[ c. However, ¢ € (del(fgM)Ndel(cM))\ M, showing fg %{//}kw c.
]
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8.3. Frobenius Fields.

Definition 8.20. Suppose F' is a field.

(1) We say F'is pseudo-algebraically closed (PAC) if every absolutely irreducible
variety over F' has an F-rational point.

(2) We say F is a Frobenius field if F' is PAC and its absolute Galois group
G(F) has the embedding property, that is, if o : G(F) - Aand f: B — A
are continuous epimorphisms and B is a finite quotient of G(F"), then there
is a continuous epimorphism 7 : G(F) — B so that S o+ = « as in the
following diagram:

B— A

The free profinite group on countably many generators E, has the embedding
property so the w-free PAC fields are Frobenius fields. However, there are many
others - see, e.g., [FJ08, 24.6].

Definition 8.21. Suppose G is a profinite group. Let AN(G) be the collection of
open normal subgroups of G. We define

s@= [ a/n.

NeN(G)

Let Lg the language with a sort X,, for each n € ZT, two binary relation symbols
<, C, and a ternary relation P. We regard S(G) as an Lg-structure in the following
way:

The coset gN is in sort X, if and only if [G : N] < n.

gN < hM if and only if N C M

C(gN,hM) <= N C M and gM = hM.

P(g91N1,92N2,93N3) <= Ni = Ny = N3 and g192N1 = g3Ny.

Note that we do not require that the sorts be disjoint.

Fact 8.22. Given a field F, we write G(F') for its absolute Galois group. Suppose
K and L are fields which are both regular extensions of the field £. Thenif K =g L

then S(G(K)) =s(g(m)) S(G(L)).

Proposition 8.23. Suppose T is an NSOP; complete theory extending the theory of
fields and F = T. Assume a Lf b. Then the fields A = acl(Fa) and B = acl(Fb)
satisfy the following conditions:

(1) A and B are linearly disjoint over F'

(2) F* is a separable extension of AB

(3) acl(AB)N A°B° = AB.
Proof. In [Cha99, Theorem 3.5], Chatizdakis proves (1)-(3) for an arbitrary theory
of fields under the assumption that a Lg b. She deduces from a J_/;, b that there
is an F-indiscernible heir sequence (B;);<y, i.e. an F-indiscernible sequence with
B<; |}, Bi for all i, so that AB; = AB for all i. She then proves that (1)-(3)
follow from the existence of such a sequence. Note, however, that if T is NSOPq,
this follows merely from the assumption a J/IA; b since an heir sequence (B;)i<w
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is necessarily an | ®-Morley sequence (enumerated in reverse) so, if p(z; B) =

tp(A/B), then |J,_,, p(x; B;) is consistent, by Lemma [?]. Let A’ be a realization.
Moving the sequence by an automorphism, we may assume that A’ = A and By =
B. (I

Remark 8.24. Note (1) and (2) are equivalent to saying A J/SCF

Lemma 8.25. Suppose F is a Frobenius field. If A = acl(A), B = acl(B) contain
F and A J/AIZ B then §(G(A)) J/Z;(Q(F)) S(G(B)) in THS(G(F))).

Proof. Chatzidakis [CT98] shows that the Galois group S(G(F')) is w-stable. Let
(B;)i<w be a Morley sequence in a global type finitely satisfiable in F extend-
ing tp(B/F). As A\LJ\Kl B, we may assume (B;);<, is A-indiscernible. Then
(8(G(By)))i<w is a Morley sequence in a global type finitely satisfiable in S(G(F))
which is moreover S(G(A))-indiscernible. This implies S(G(A)) J/K S(G(B)).

S(9(F))
As Th(S(G(F)) is simple, this implies S(G(A)) | ~ S(G(B)) by CITE. O

S(G(F))
Fix a field F' and let SCF denote the complete theory of which F*® is a model.

Definition 8.26. Suppose A = acl(A), B = acl(B), and C = acl(C) in the field
F. We say A is weakly independent from B over C' if

() ALS" B
(2) S(G(A)) \|/ S(6(F)) S(G(B)), where J/f denotes non-forking independence
in Th(S(Q(}")))
Extend this to arbitrary tuples by stipulating a is weakly independent from b over
¢ if and only if acl(a, ¢) is weakly independent from acl(b, ¢) over acl(c).

Theorem 8.27. [Cha02, Theorem 6.1] Let F' be a Frobenius field, sufficiently sat-
urated, and E = acl(E) a subfield of F. Assume, moreover, that acl(S(G(E))) =
S(G(E)) and if the degree of imperfection of F is finite, that E contains a p-basis
of F'. Assume that the tuples a,b,c1,co of F' satisfy:

(1) a and ¢1 are weakly independent over E, b and cy are weakly independent

over B, ¢c1 =g ¢o

(2) acl(Ea) and acl(Eb) are SCF-independent over E.
Then there is ¢ realizing tp(acl(Fa)) U tp(c2/acl(ED)) such that ¢ and acl(Eab) are
weakly independent over E.

Theorem 8.28. Suppose F' is a Frobenius field and a,b are tuples from an elemen-
tary extension of F. Then a \L? b if and only if a and b are weakly independent
over F.

Proof. First, we note that weak independence satisfies axioms (1)-(5) in Theorem
8.1. Non-forking independence always satisfies strong finite character, existence
over models, and monotonicity so (1)-(3) are satisfied for J/f in the theory of
separably closed fields and Th(S(G(F'))). As both of these theories are stable, Lf
is also symmetric. This shows (1)-(4). Condition (5) follows from Theorem [?].
By theorem 8.1, this shows that Th(F) is NSOP1 and if a is weakly independent
from b over F', then a \L b. Conversely, if a \|/ b, then acl(aF) J/SCF acl(bF') by
Proposition 8.23 and S(G(acl(aF))) J/S(g (F) S(G(acl(bF))) by Lemma 8.25. This
shows a and b are weakly independent over F. [
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8.4. Vector spaces. The theory T, will denote the theory of infinite dimensional
vector spaces over an algebraically closed field equipped with a generic bilinear
form. The language is two-sorted: there is a sort V for the vector space, with the
language of abelian groups on it, a sort K for the field, equipped with the ring
language, a function K x V. — V for the action of scalar multiplication, and a
function [,] : V x V — K for the bilinear form. We will use T, to refer to both the
theory where the form is symmetric and where it is alternating, as this choice makes
no difference for our analysis below. In this subsection, we will write M |= T4, for
a fixed monster model of T, .

Fact 8.29. Given a set X C M, write Xg for the field points of X and Xy for the
vector space points of X. For Y a set of vectors, write (Y') for the Mg-span of V.

(1) Tw eliminates quantifiers after expanding the vector space sort with an
n-ary predicate 6, interpreted so that = 6,(vo,...,v,—1) if and only if

Vg, - - ., Un—1 are linearly independent for all n > 2.
(2) For any set A C M, the field points of dcl(A) are the field generated by
Ak, {la,b] : a,b € Ay}, and for each n, and every set {ag,...,an_1}

such that there are vg,...,v, € Ay with M | 6,(vo,...,vn—1) and v, =
agUg + ... + ap—1v,—1. Then the vector space points of dcl(A) are the
(dcl(A))g-span of Ay . The field points of acl(A) are the algebraic closure
of (dcl(A))x and the vector space points of acl(A) are the (acl(A))x-span
of Av.

Definition 8.30. Suppose A C B and c is a singleton. Let ¢ J/II; B be the assertion
that (dcl(cA))k J/ACF (del(B))k and one of the following holds:

(del(A)) x
(1) c € Mg
(2) ce(4)
(3) ¢ ¢ (B) and [c, B] is ®-independent over A,
where ‘[¢, B] is ®-independent over A’ means that whenever {bg,...,b,—1} is a
linearly independent set in By N (My \ (A4)) then the set {[c,bo],...,[c,bn-1]} is

algebraically independent over the compositum of (dcl(B))x and (dcl(Ac))k.
By induction, for ¢ = (cg, . .., ¢y, ) define ¢ J/i B by

r r r
¢c| B < (co,..-y¢m-1) | Bande,, |  Bey...Cm—1.
A A Acqo...Cm—1

Fact 8.31. [Gra99, Theorem 12.2.2] [CR16] The relation | ' is automorphism
invariant, symmetric, and transitive. Moreover, it satisfies extension, strong finite
character, and stationarity over a model. Consequently, T, is NSOP;.

Proposition 8.32. Suppose M = To,. Then if A = acl(A), B = acl(B) and
ANB2 M, then A |% B if and only if ANB = M.

Proof. Suppose M is a model, A = acl(A), B = acl(B), and AN B C M. Let
C = acl(AB) and let (C;)i<, be an M-invariant Morley sequence over M with
Co = C. Fix 0 € Aut(M/M) with o(C;) = C;41 for all i < w. By restricting the
sequence (C;);<. to a subtuple, we obtain an M-invariant Morley sequence (B;); <.
with By = B. Let D = acl((B;)i<w). Let K = (acl((Cy)i<w)) k. Let {u; : i < a}
be a basis for My. Let {v; : i < 8} complete this set to a basis for Ay and let
(wo,j)j<~ complete it to a basis for (Bg)y, then let (w; ;)< be the set of vectors

{kimchar}
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completing {u; : i < a} to a basis for (B;)y corresponding to the (wo ;);j<g - i.e.
w;,; = 0*(wp,;j). By our assumptions, {u; : i < a}U{v;:i < fU{w;;:i<w,j<
v} is a set of linearly independent vectors in My. Let V be the K-vector space
with basis {u; : ¢ < a} U{v; 14 < B} U{w;; 17 <w,j <~} To define the model
N = (V,K), we are left with definining the form on V' - for this it suffices to define
the form on a basis. First, interpret the form so that IV extends the structure on
D -ie.

[ui,uiI]N =k < [ui,uir]D =k

[wi, wir )V =k = [ug, wir 5)P =k
[wi,j,wi/J/]N =k <— [w,-7j,wi/7j/]D =k.

And likewise, interpret the structure so that it extends the structure on A - i.e.

[ui,vi/]N =k — [ui,vi/]A =k.

Then finally, we interpret the form so that the structure generated by AB; does
not depend on i: put [v;, wo ;¥ =k < [v;,wo,;]¢ =k and set

N k if [Ui,woj}CZkEA
[vi, wir 5] =4 i ~ e
’ o' (k) if [v,w;] =k¢A
This defines N. By quantifier-elimination, there is an embedding ¢ : N — M over

D into M. Let A’ = ((A4). By quantifier-elimination, we have ABy = A’B; for all
i. This shows tp(A/B) does not Kim-divide over M. O

Proposition 8.33. Suppose M = To,. Then

r K
(1) a ly,b= al;,?
(2) If a and b are singletons and aj/ﬁb = aJ/II;/[ b.
(3) There are a and b so that a\J/f/[b and aj/ljz/[ b.

Proof. (1) Suppose a J/E/[ b. By transitivity of | *“F, (dcl(aM))k \L;CKF(dcl(bM))K
S0
i ACF

acl(aM) g | (acl(bM))k

M

since the field points of the algebraic closure of any set X are just the field-theoretic
algebraic closure of (dcl(X))g. Similarly, transitivity of independence for vector
spaces forces ((aM)y) N ((bM)y) C (M). This shows acl(aM) Nacl(bM) C M so

a J/f\; b. by Proposition 8.32.
(2) By (1), it suffices to show aj/ﬁb = aJ/E/[ b. As aiﬁ b, we know
acl(aM) kg Nacl(bM)x C Mg so, in particular,
ACF
acl(aM)k | acl(bM)k.
Mg
Likewise, acl(aM)y Nacl(bM)y C My so ((aM)yv) N {((bM)y) C (My). If a and
b are singletons, then condition (3) in the definition of \LF is trivially satisfied, so
a \LL b.
(3) Given any M [ T, choose two vectors by,ba € My that are M-linearly
independent over M. By model-completeness, we can find some vector a so that
acl(aM)Nacl(bybo M) C M, so a \|/J\K4 b1b2, and also [a, b1] = [a, ba]. Then we clearly
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have {[a, b1], [a, ba]} algebraically dependent, as they are equal, hence a j/i/[ b1bs.

Remark 8.34. This observation implies that axioms (1)-(5) in Theorem 8.1 do not
suffice to characterize | ™, since | ' satisfies these axioms and | " # | .
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